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THE HALF-INFINITE XXZ CHAIN IN ONSAGER’S APPROACH
P. BASEILHAC AND S. BELLIARD
Abstract. The half-infinite XXZ open spin chain with general integrable boundary conditions is considered within the
recently developed ‘Onsager’s approach’. Inspired by the finite size case, for any type of integrable boundary conditions
it is shown that the transfer matrix is simply expressed in terms of the elements of a new type of current algebra recently
introduced. In the massive regime −1 < q < 0, level one infinite dimensional representation (q−vertex operators) of
the new current algebra are constructed in order to diagonalize the transfer matrix. For diagonal boundary conditions,
known results of Jimbo et al. are recovered. For upper (or lower) non-diagonal boundary conditions, a solution is
proposed. Vacuum and excited states are formulated within the representation theory of the current algebra using
q−bosons, opening the way for the calculation of integral representations of correlation functions for a non-diagonal
boundary. Finally, for q generic the long standing question of the hidden non-Abelian symmetry of the Hamiltonian
is solved: it is either associated with the q−Onsager algebra (generic non-diagonal case) or the augmented q−Onsager
algebra (generic diagonal case).
MSC: 81R50; 81R10; 81U15.
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1. Introduction
In the context of quantum integrable models, solutions of the planar Ising model in zero magnetic field have provided
a considerable source of inspiration. In particular, among the non-perturbative approaches that have been considered
in order to solve this model, L. Onsager proposed in [Ons] to study the spectral problem for the transfer matrix
using the representation theory of an infinite dimensional Lie algebra, the so-called Onsager algebra. Based on this
approach, the largest and second largest eigenvalues of the transfer matrix of the model were obtained. Although
the Onsager algebra was a central object in [Ons], it received less attention in the following years than the star-
triangle relations or the free fermion techniques - which didn’t play any essential role in Onsager’s original work -
did. Despite of this, in the 1980s the Onsager algebra appeared to be closely related with the quantum integrable
structure discovered by Dolan and Grady [DG]. Then, it was understood that Hamiltonians of various integrable
models [PeAMT, Dav, vGR, Ar, AS] can be written solely in terms of the generators of the Onsager algebra acting
on certain finite dimensional representations. For all these models, the integrability condition is encoded in a pair of
relations, the so-called Dolan-Grady relations [DG] - or, equivalently, in the defining relations of the Onsager algebra.
In this formulation, all conserved quantities form an Abelian subalgebra of the Onsager algebra in correspondance
with the Dolan-Grady hierarchy. As a consequence, using the explicit relation between the Onsager algebra and the
loop algebra of sl2 [Dav], a generic and rather simple formula for the spectrum of the Hamiltonian associated with
any of these models was explicitly obtained. For many years, the range of applications of the approach initiated in
[Ons, PeAMT, Dav, vGR, Ar, AS] - here named as the Onsager’s approach - remained however limited to a subset of
integrable models, and other consequences of the existence of the Onsager algebra were not further explored.
This situation started to change in recent years, when a q−deformed analog of the Onsager algebra was discovered as
the integrability condition of a large class of quantum integrable models defined either on the lattice or in the continuum
[Bas1, Bas2, BK1]: this algebraic structure was identified by considering in details the Sklyanin’s operator that appears
in the standard formulation of models with boundaries1 [Sk], establishing for the first time a correspondance between
the q−Onsager algebra and the reflection equation. Remarkably, for this class of models the integrability condition
consists in a pair of q−Dolan-Grady relations, or, alternatively, in the existence of an infinite dimensional q−deformed
analog of the Onsager algebra proposed in [BK1]. Furthermore, all mutually commuting conserved quantities - for
instance the Hamiltonian - generates an Abelian subalgebra called the q−Dolan-Grady hierarchy. Based on these
1This does not imply that the approach solely applies to models with boundaries: for q = 1, the Ising [Ons] and superintegrable chiral
Potts models [PeAMT, Dav, vGR] are explicit counterexamples of this idea (see also [Ar, AS]).
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results, a new interest for the Onsager’s approach grew up. Inspired by Onsager’s strategy for the solution of the
two-dimensional Ising model [Ons] and later works on the superintegrable chiral Potts model [vGR, PeAMT, Dav], as
well as the conformal field theory program [KBPZ], it became clear that finding a solution of a specific model which
integrability condition is associated with the q−Onsager algebra could be considered through a detailed analysis of
the finite or infinite dimensional representations involved. Knowing the essential problems arising within the algebraic
Bethe ansatz framework (see [bXXZ] for more details) when applied to lattice models with integrable generic boundary
conditions, the development of an alternative approach such that the Onsager’s one became highly desirable.
Up to now, the application of the Onsager’s approach to lattice models2 for q 6= 1 has been essentially restricted to
the study of the finite XXZ open spin chain with generic integrable boundary conditions, in which case known results3
were recovered within the representation theory of the q−Onsager algebra [BK2, BK3]. Namely, in [BK3] the spectral
problem of the Hamiltonian was studied using certain properties of the q−Onsager algebra, especially those related
with the concept of tridiagonal pairs [Ter2]. Taking this point of view, it implies that eigenstates of the Hamiltonian
can be expressed in terms of orthogonal symmetric functions generalizing the Askey-Wilson polynomials, a new class
of special functions that are currently investigated in the mathematical literature. Let us also mention that some other
properties exhibited in [BK2] (see also [BK1]) - for instance the existence of q−deformed analogs of Davies’s type of
linear relations - may provide the starting point of another solution to the Hamiltonian’s spectral problem by analogy
with the solution at q = 1 proposed in [Dav], a problem still unexplored. More generally, thanks to the recent progress
in the classification of finite dimensional representations of the q−Onsager algebra and related algebraic structures
(see [IT] and references therein), a better understanding of the XXZ open spin chain or higher spins generalizations
is clearly expected. However, besides the observation that there is still much room to be explored concerning finite
size spin chains, the application of the Onsager’s approach in the thermodynamic limit of lattice models - for instance
the XXZ half-infinite spin chain - remained to be investigated. Several arguments motivate to consider this problem
further:
First, the transition from the finite size case to the thermodynamic limit in lattice models has been considered
either in the context of the vertex operator approach or in the algebraic Bethe ansatz approach. Such analysis has not
been carried out yet within the Onsager’s approach, a problem that is closely related with the explicit construction
of infinite dimensional representations of the q−Onsager and augmented q−Onsager algebras4, as we are going to see.
In the present article, for the first time it is shown that the half-infinite XXZ spin chain for any type of boundary
conditions (diagonal, non-diagonal, special cases) can be formulated using the Oq(ŝl2) current algebra discovered in
[BSh]. According to the choice of boundary conditions, the first modes of the currents are related with the generators of
the q−Onsager and augmented q−Onsager algebras and act on infinite dimensional representations that are described
in details for −1 < q < 0 in Section 4.
Secondly, recall that much is known for the special case of the half-infinite XXZ spin chain with diagonal boundary
conditions: the spectral problem and the calculation of correlation functions have been studied in details either within
the vertex operator approach [JKKKMW] or within the algebraic Bethe ansatz approach [KKMNST]. For the case of
non-diagonal boundary conditions, the situation has remained essentially problematic. Indeed, integral representations
for correlation functions - even in the simplest cases - have been, up to now, out of reach: either q−boson realizations
of vacuum states are not known explicitly, or solving the inverse problem within the Bethe ansatz remains complicated.
In the present article, the alternative path followed applies to any type (diagonal, non-diagonal or special) of boundary
conditions: the properties of the new current algebra Oq(ŝl2) and its modes are used to derive explicit expressions for
the vacuum and excited states in terms of q−bosons in the massive regime −1 < q < 0 of the spin chain.
Third, recall that in the case of the XXZ spin chain with periodic boundary conditions, in the thermodynamic
limit the Uq(ŝl2) algebra emerges as a hidden non-Abelian symmetry of the Hamiltonian [FM, Ji, DFJMN]. For many
years, identifying the hidden symmetry of the open XXZ spin chain for diagonal or non-diagonal integrable boundary
2In the continuum, the existence of a hidden non-Abelian symmetry associated with a generalized q−Onsager algebra plays a central
role in the derivation of scattering amplitudes associated with affine Toda field theories with a dynamical boundary, see [BK0, BF].
3For instance, the linear relations between the left and right boundary parameters that arise in the Bethe ansatz approach in order to
construct a suitable reference state or in the diagonalization of the Q−Baxter operator [bXXZ, MMR, BCRS].
4Both algebras can be seen as special cases of the tridiagonal and augmented tridiagonal algebras which definitions can be found in
[Ter2] and [IT], respectively.
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conditions has remained an open problem. In this article, it is shown that within Onsager’s framework the answer
to this problem is actually straightforward. Indeed, in Section 2 two different types of spectrum generating algebras,
denoted Aq and Adiagq , will be used to formulate the transfer matrix of the finite XXZ open spin chain for any type
of boundary conditions. Whereas the algebra Aq is known to be associated with the q−Onsager algebra [BK2], the
new algebra Adiagq (obtained by fixing some parameters to zero in Aq) is found to be associated with the so-called
augmented q−Onsager algebra recently introduced in [IT]. In the last Section, for non-diagonal or diagonal boundary
conditions, it will be observed that the spectrum generating algebra (Aq or Adiagq , respectively) associated with the
spin chain of finite size becomes the hidden non-Abelian symmetry of the Hamiltonian in the thermodynamic limit.
The long standing question of the hidden non-Abelian symmetry of the half-infinite XXZ spin chain is then solved for
any type of boundary conditions.
Let us also make a few comments on some mathematical objects that are involved in order to build an Onsager’s
approach in the thermodynamic limit. For instance, an exact solution based on an Onsager’s formulation of the half-
infinite XXZ open spin chain for any type of boundary conditions requires: (i) to identify the current algebra associated
with either non-diagonal or diagonal boundary conditions; (ii) to construct explicit infinite dimensional representations
that will provide a bosonization scheme for the currents and local operators. Let us first make some comments about
(i). As we will see in Section 2, in the finite size case according to the choice of boundary conditions two different
types of spectrum generating algebras denoted Aq and Adiagq have to be considered. Although the current algebra
introduced in [BSh] - there denoted Oq(ŝl2) - generates Aq and applies to the case of generic non-diagonal boundary
conditions, up to minor changes the defining relations of the second current algebra associated with Adiagq are actually
strictly identical (see Section 3). Indeed, it will be shown that the algebra Adiagq is nothing but a specialization of the
algebra Aq. The only difference between the two current algebras being in a choice of homomorphism given in Section
3, for simplicity the two current algebras will be denoted Oq(ŝl2) in both cases. About (ii), recall that a realization of
the Oq(ŝl2) currents in terms of operators satisfying a Faddeev-Zamolodchikov algebra was already exhibited in [BB2].
This suggests that infinite dimensional representations (q−vertex operators) of the Oq(ŝl2) current algebra should be
related with Uq(ŝl2) q−vertex operators. In the present article, this issue is clarified in Section 4. In particular, using
the coideal structure the Uq(ŝl2) q−vertex operators are shown to be intertwiners of the q−Onsager and augmented
q−Onsager algebra5. As a by product, an infinite dimensional analog of the two eigenbasis exhibited in [Ter2] - namely,
states that diagonalize the fundamental operators of the q−Onsager algebra - is identified in Section 5.
Having in mind above mentioned comments, the purpose of this article is to study in details the half-infinite XXZ
spin chain within the Onsager’s approach for any type of boundary conditions. Here, we will mainly focus on the
formulation of the model in terms of the current algebra Oq(ŝl2) introduced in [BSh], its explicit relation with Aq or
Adiagq , and its straightforward application to the diagonalization - i.e. the derivation of the spectrum and eigenstates - of
the Hamiltonian of the model. For diagonal boundary conditions, known results [JKKKMW] are recovered. For upper
(or lower) non-diagonal boundary conditions, new results are obtained, giving an access to integral representations
of correlation functions that will be considered separately. For generic boundary conditions, the similar analysis that
will be discussed elsewhere is briefly sketched in the last Section.
This paper is organized as follows: In Section 2, the Onsager’s presentation of the finite size XXZ open spin chain
for any type of boundary conditions6 is considered in details. For generic non-diagonal boundary conditions, it is
first reminded (see [BK2] for details) how the transfer matrix can be explicitly written in terms of the elements of
a spectrum generating algebra denoted Aq. If some of the non-diagonal boundary parameters are set to zero, it is
shown that the formulation remains essentially similar. However, the corresponding spectrum generating algebra is
different, and denoted Adiagq . Using it, the description of the case of diagonal boundary conditions is proposed, which
completes the formulation of [BK3]. Explicit expressions of the elements of the spectrum generating algebras are
reported in Appendix A. The relation between Aq and Adiagq and algebras that appeared in the recent mathematical
literature [Ter2, IT] is then considered: It is already known that the first modes of Aq generate the q−Onsager algebra
5To our knowledge, these results provide the first non-trivial examples of infinite dimensional representations for these two algebras.
6Up to now, only the case of generic non-diagonal boundary conditions has been considered within an Onsager’s approach. See for
instance [BK1, BK2].
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[BK1]. Here, we complete the analysis by showing that the first modes of Adiagq generate the so-called augmented
q−Onsager algebra recently introduced in [IT]. In Section 3, the thermodynamic limit of the model is considered
for any type of boundary conditions: sending one of the boundary to infinity, it is shown that the transfer matrix of
the half-infinite XXZ open spin chain can be simply expressed in terms of Oq(ŝl2) currents for q generic. Whereas
the exact relation between the Oq(ŝl2) current algebra and the spectrum generating algebra Aq was given in [BSh],
here the homomorphism that relates Oq(ŝl2) and Adiagq is presented. By analogy with Section 2, the properties of
the first modes are then considered in details in relation with two different coideal subalgebras of Uq(ŝl2). Based on
these, for −1 < q < 0 level one infinite dimensional representations of Oq(ŝl2) are constructed in Section 4, where
explicit expressions for the currents in terms of Uq(ŝl2) q−vertex operators independently confirm the proposal of
[BB2]. In Section 5, by analogy with the strategy applied in [BK3] the spectral problem for two of the Oq(ŝl2)
currents is considered. Using this result, the diagonalization of the transfer matrix is then studied: for the case of
diagonal boundary conditions, known results of Jimbo et al. [JKKKMW] are recovered and interpreted in light of
the representation theory of the Oq(ŝl2) current algebra. Then, the case of upper (or lower) non-diagonal boundary
conditions is solved for the first time: whereas the spectrum is identical to the one for the diagonal case, an explicit
expression for the eigenstates as an infinite sum is obtained. Few comments are added in the last Section. For instance,
it is shown that the q−Onsager algebra or augmented q−Onsager algebra emerge as the non-Abelian symmetry of
the thermodynamic limit of the XXZ open spin chain, according to the choice of boundary conditions. Although the
existence of an infinite dimensional non-Abelian symmetry was definitely expected in the thermodynamic limit, we
could not find any reference where it would be exhibited. Here this issue is definitely clarified. Finally, we point out
some interesting phenomena for the special boundary conditions chosen in [PS].
In Appendix A, realizations of Aq and Adiagq are given. In Appendix B, the Drinfeld-Jimbo presentation of Uq(ŝl2)
as well as basic definitions and objects that are used in the present article are recalled. In Appendix C, properties of
Uq(ŝl2) q−vertex operators and q−boson realizations that are used in Section 4 and 5 are given.
Notation . In this paper, we introduce the q−commutator [X,Y ]
q
= qXY − q−1Y X where q is the deformation
parameter, assumed not to be a root of unity.
2. Alternative presentations of the finite XXZ open spin chain
In this Section, we first recall the Onsager’s approach formulation of the XXZ open spin chain with generic boundary
conditions [BK2] (see also [BK1]). Then, we extend the formulation to the case of diagonal or special boundary con-
ditions, preparing all necessary ingredients for studying the thermodynamic limit for any type of boundary conditions
in further Sections.
The finite size XXZ open spin chain with general integrable boundary conditions is the subject of numerous in-
vestigations in recent years. Starting from Sklyanin’s work [Sk] for the special case of diagonal boundary conditions,
it has been later on studied for generic or special (left-right related) boundary conditions and q (root of unity)
[bXXZ, BCRS, Gal, N]. For general integrable boundary conditions and q, its Hamiltonian is given by:
H
(N)
XXZ =
N−1∑
k=1
(
σk+11 σ
k
1 + σ
k+1
2 σ
k
2 +∆σ
k+1
3 σ
k
3
)
+
(q − q−1)
2
(ǫ+ − ǫ−)
(ǫ+ + ǫ−)
σ13 +
2
(ǫ+ + ǫ−)
(
k+σ
1
+ + k−σ
1
−
)
(2.1)
+
(q − q−1)
2
(ǫ¯+ − ǫ¯−)
(ǫ¯+ + ǫ¯−)
σN3 +
2
(ǫ¯+ + ǫ¯−)
(
k¯+σ
N
+ + k¯−σ
N
−
)
,
where σ1,2,3 and σ± = (σ1± iσ2)/2 are usual Pauli matrices. Here, ∆ = (q+q−1)/2 denotes the anisotropy parameter
and ǫ±, k± (resp. ǫ¯±, k¯±) denote that the right (resp. left) boundary parameters associated with the right (resp. left)
boundary. Considering a gauge transformation, note that one parameter might be removed. For symmetry reasons, we
however keep the boundary parametrization as defined above. Restricting the parameters to special values or certain
relations, one obtains the cases considered in [ABBBQ, Sk, PS, bXXZ, NRGP, Do, KKMNST, BCRS].
In the literature, the most standard presentation of the XXZ open spin chain is based on a generalization of
the quantum inverse problem to integrable systems with boundaries. In this approach, starting from an R−matrix
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acting on a finite dimensional representation, Hamiltonians of quantum integrable models are basically generated from
solutions K−(ζ), K+(ζ) of the reflection and dual reflection equations, respectively [Sk]. In this standard presentation,
the transfer matrix associated with the XXZ open spin chain (2.1) can be written as:
t(N)(ζ) =
(−1)N
(ζ2 + ζ−2 − q2 − q−2)N tr0
[
K+(ζ)R¯0N(ζ) · · · R¯01(ζ)K−(ζ)R¯01(ζ) · · · R¯0N(ζ)]
]
,(2.2)
where tr0 denotes the trace over the two-dimensional auxiliary space,
R¯(ζ) =


ζq − ζ−1q−1 0 0 0
0 ζ − ζ−1 q − q−1 0
0 q − q−1 ζ − ζ−1 0
0 0 0 ζq − ζ−1q−1

 ,(2.3)
and the most general elements7 K±(ζ) with c−number entries take the form
K−(ζ) =
(
ζǫ+ + ζ
−1ǫ− k+(ζ
2 − ζ−2)/(q − q−1)
k−(ζ
2 − ζ−2)/(q − q−1) ζǫ− + ζ−1ǫ+
)
,(2.4)
K+(ζ) =
(
qζǫ¯+ + q
−1ζ−1ǫ¯− k¯+(q
2ζ2 − q−2ζ−2)/(q − q−1)
k¯−(q
2ζ2 − q−2ζ−2)/(q − q−1) qζǫ¯− + q−1ζ−1ǫ¯+
)
.(2.5)
In this formulation, the Hamiltonian of the XXZ open spin chain with general integrable boundary conditions (2.1) is
obtained as follows8:
d
dζ
ln(t(N)(ζ))|ζ=1 = 2
(q − q−1)H
(N)
XXZ +
( (q − q−1)
(q + q−1)
+
2N
(q − q−1)∆
)
II(N) .(2.6)
More generally, higher mutually commuting local conserved quantities, say Hn with H1 ≡ H(N)XXZ , can be derived
similarly by taking higher derivatives of the transfer matrix (2.7).
An alternative presentation of the XXZ open spin chain has been proposed in [BK2]. It is inspired by the strategy
developed by Onsager for the two-dimensional Ising model [Ons], later works on the superintegrable chiral Potts and
XY models [vGR, PeAMT, Dav, Ar] (see also [AS]) and the vertex operators approach [DFJMN, JKKKMW, Ko]:
starting from the spectrum generating algebra or hidden non-Abelian algebra symmetry of a quantum integrable
model, one is looking for the solution of the model solely using the representation theory of this algebra. In particular,
such type of approach applies to the XXZ open spin chain which integrability condition can be associated with a
q−deformed analog of the Onsager algebra for generic boundary conditions, as shown in [BK2]. In this formulation,
the transfer matrix can be written in terms of mutually commuting quantities I(N)2k+1 that generate a q−deformed
analog of the Onsager-Dolan-Grady’s hierarchy9. Namely,
t
(N)
gen−gen(ζ) =
N−1∑
k=0
F2k+1(ζ) I(N)2k+1 + F0(ζ) II(N) with
[I(N)2k+1, I(N)2l+1] = 0(2.7)
for all k, l ∈ 0, ..., N − 1 where
I(N)2k+1 = ǫ¯+W(N)−k + ǫ¯−W(N)k+1 +
1
q2 − q−2
( k¯−
k−
G(N)k+1 +
k¯+
k+
G˜(N)k+1
)
(2.8)
and F2k+1(ζ) are Laurent polynomials in U(ζ) = (qζ2 + q−1ζ−2)/(q + q−1). We refer the reader to [BK2] for details.
Note that the parameters ǫ± of the right boundary - which do not appear explicitly in above formula - are actually
hidden in the definition of the elements W(N)−k ,W(N)k+1,G(N)k+1, G˜(N)k+1 of the spectrum generating algebra which explicit
expressions are recalled in Appendix A.
7Note that K+(ζ) = −Kt−(−ζ
−1q−1)|ǫ±→ǫ¯∓;k±→k¯∓ .
8The identity operator acting on N sites is denoted II(N) = II ⊗ · · · ⊗ II.
9The Onsager’s (also called Dolan-Grady) hierarchy is an Abelian algebra with elements of the form I2n+1 = ǫ¯+(An + A−n) +
ǫ¯−(An+1 + A−n+1) + κGn+1 with n ∈ Z+ generated from the Onsager algebra with defining relations
[
An, Am
]
= 4Gn−m,
[
Gm, An
]
=
2An+m − 2An−m and
[
Gn, Gm
]
= 0 for any n,m ∈ Z .
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Remark 1. Another Onsager’s presentation can be alternatively considered , in which case the elements of the spectrum
generating algebra contain the parameters ǫ¯±, k¯± of the left boundary. In this case, one substitutes in (2.7)
I(N)2k+1 → I
(N)
2k+1 where I
(N)
2k+1 = ǫ+W
(N)
k+1 + ǫ−W
(N)
−k +
1
q2 − q−2
(k−
k¯−
G˜
(N)
k+1 +
k+
k¯+
G(N)k+1
)
.(2.9)
The functions F2k+1(ζ),F0(ζ) can be derived following [BK2]. Here, the elements are given by:
W(N)−k = ΠN
(W(N)k+1)|ǫ±→ǫ¯±;k±→ k¯± , W(N)k+1 = ΠN (W(N)−k )|ǫ±→ǫ¯±;k±→ k¯± ,(2.10)
G(N)k+1 = ΠN
(G˜(N)k+1)|ǫ±→ǫ¯±;k±→ k¯± , G˜(N)k+1 = ΠN(G(N)k+1)|ǫ±→ǫ¯±;k±→ k¯± ,
where the permutation operator ΠN
(
a1 ⊗ a2 ⊗ ...⊗ aN
)
= aN ⊗ ...⊗ a2 ⊗ a1 is used.
Having recalled the Onsager’s type of presentation (2.7) for the XXZ open spin chain with generic boundary
conditions, a natural question is whether such presentation also exists for special boundary conditions that have been
considered in the literature. Actually, for special right diagonal boundary conditions it is also the case provided certain
changes in the definition of the basic objects: Following the analysis of [BK2], it is easy to show that the diagonal
boundary analog of the q−Dolan-Grady hierarchy is associated with an Abelian subalgebra generated by the elements
J (N)2l+1 such that
J (N)2k+1 = ǫ¯+K(N)−k + ǫ¯−K(N)k+1 +
1
q2 − q−2
(
k¯−Z(N)k+1 + k¯+Z˜(N)k+1
)
(2.11)
where the explicit expressions of K(N)−k ,K(N)k+1,Z(N)k+1, Z˜(N)k+1 are reported in Appendix A. In this special case, the transfer
matrix associated with the Hamiltonian (2.1) for k± ≡ 0 takes the form:
t
(N)
gen−diag(ζ) =
N−1∑
k=0
Fdiag2k+1(ζ) J (N)2k+1 + Fdiag0 (ζ) II(N) with
[J (N)2k+1,J (N)2l+1] = 0 .(2.12)
Remark 2. For special left diagonal (but right generic) boundary conditions, the transfer matrix t
(N)
diag−gen(ζ) can be
aternatively presented in terms of
J (N)2k+1 = ǫ+K
(N)
k+1 + ǫ−K
(N)
−k +
1
q2 − q−2
(
k−Z˜
(N)
k+1 + k+Z
(N)
k+1
)
(2.13)
where
K(N)−k = ΠN
(K(N)k+1)|ǫ±→ǫ¯± , K(N)k+1 = ΠN (K(N)−k )|ǫ±→ǫ¯± ,(2.14)
Z(N)k+1 = ΠN
(Z˜(N)k+1)|ǫ±→ǫ¯± , Z˜(N)k+1 = ΠN(Z(N)k+1)|ǫ±→ǫ¯± .
As a consequence, the transfer matrix t
(N)
diag−diag(ζ) for the special case of left and right diagonal boundary conditions
- the simplest case studied in [Sk] using the presentation (2.2) - also admits an Onsager’s type of presentation, where
mutually commuting quantities are simply given by (2.11) with k¯± ≡ 0 or, alternatively, (2.13) with k± ≡ 0.
For each type of boundary conditions, let us now describe some basic aspects of the corresponding spectrum
generating algebras. According to the choice of boundary conditions - generic non-diagonal or generic diagonal -
associated with the left and right side of the spin chain, two different types of spectrum generating algebras arise in
the Onsager’s presentation of the XXZ open spin chain.
• Parameters k± 6= 0: The elements W(N)−k ,W(N)k+1,G(N)k+1, G˜(N)k+1 in (2.8) are known to satisfy the defining relations
of the infinite dimensional q−deformed analog of the Onsager algebra Aq introduced in [BK1] (see [BK2] for details)
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which ensures the integrability of the model (2.1). Recall that the defining relations of Aq are given by:[
W0,Wk+1
]
=
[
W−k,W1
]
=
1
(q1/2 + q−1/2)
(
G˜k+1 − Gk+1
)
,(2.15) [
W0,Gk+1
]
q
=
[
G˜k+1,W0
]
q
= ρW−k−1 − ρWk+1 ,[
Gk+1,W1
]
q
=
[
W1, G˜k+1
]
q
= ρWk+2 − ρW−k ,[
W0,W−k
]
= 0 ,
[
W1,Wk+1
]
= 0 ,[
Gk+1,Gl+1
]
= 0 ,
[
G˜k+1, G˜l+1
]
= 0 ,
[
G˜k+1,Gl+1
]
+
[
Gk+1, G˜l+1
]
= 0 ,
with k, l ∈ N. For the finite dimensional tensor product representation associated with (2.1), the elements act as
W(N)−k ,W(N)k+1,G(N)k+1, G˜(N)k+1 given in Appendix A and we have the sustitution [BK2]
ρ = (q + q−1)2k+k− .(2.16)
By analogy with the situation for integrable models associated with the Onsager algebra (i.e. the undeformed
case), for instance the Ising and superintegrable Potts models, considering a finite dimensional space on which the
Hamiltonian (2.1) acts implies the existence of additionnal relations among the generators. Such relations which
are q−deformed analogs of Davis’ relations [Dav] have been derived in [BK2] (see also [BK1]) for the model (2.1).
Explicitly, they take the form:
− (q − q
−1)
k+k−
ω
(N)
0 W(N)0 +
N∑
k=1
C
(N)
−k+1W(N)−k + ǫ(N)+ II(N) = 0 ,(2.17)
− (q − q
−1)
k+k−
ω
(N)
0 W(N)1 +
N∑
k=1
C
(N)
−k+1W(N)k+1 + ǫ(N)− II(N) = 0 ,
− (q − q
−1)
k+k−
ω
(N)
0 G(N)1 +
N∑
k=1
C
(N)
−k+1G(N)k+1 = 0 ,
− (q − q
−1)
k+k−
ω
(N)
0 G˜(N)1 +
N∑
k=1
C
(N)
−k+1G˜(N)k+1 = 0 ,
where the explicit expressions for the coefficients ω
(N)
0 , C
(N)
−k+1, ǫ
(N)
± in terms of k±, ǫ±, q, N are given in [BK2]. Strictly
speaking, for generic parameters the spectrum generating algebra associated with (2.1) is the quotient of the infinite
dimensional algebra Aq by the set of relations (2.17).
For non-vanishing parameters k±, let us also make some important comments about the relation between the algebra
Aq and the so-called q−Onsager algebra exhibited in [BK1], which will be useful in the analysis of further Sections.
Remarkably, according to the explicit expressions (A.2) for the first elements and generic values of ǫ±, k±, q,
W(N)0 = (k+σ+ + k−σ−)⊗ II(N−1) + qσ3 ⊗W(N−1)0 , W(0)0 = ǫ+ ,(2.18)
W(N)1 = (k+σ+ + k−σ−)⊗ II(N−1) + q−σ3 ⊗W(N−1)1 , W(0)1 = ǫ− ,
one observes10 that they satisfy the defining relations of the q−Onsager algebra, the so-called q−Dolan-Grady relations
[Ter2]: [W(N)0 , [W(N)0 , [W(N)0 ,W(N)1 ]q]q−1] = ρ[W(N)0 ,W(N)1 ] ,(2.19) [W(N)1 , [W(N)1 , [W(N)1 ,W(N)0 ]q]q−1] = ρ[W(N)1 ,W(N)0 ] .
10More generally, all higher elements can be written as polynomials in W
(N)
0 ,W
(N)
1 [BB3]. For instance, G
(N)
1 = II ⊗ G
(N−1)
1 + (q
2 −
q−2)k−σ− ⊗
(
W
(N−1)
0 +W
(N−1)
1
)
+ k+k−(q − q−1)II(N) = [W
(N)
1 ,W
(N)
0 ]q. Similarly, one has G˜
(N)
1 = [W
(N)
0 ,W
(N)
1 ]q. This gives an
explicit relation between the generators of Aq in terms of the ones of the q−Onsager algebra for the finite dimensional representations here
considered.
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Note that these relations are a special case of the defining relations of the tridiagonal algebras [Ter2]. In the next
Section, we will argue that the spectrum generating algebra associated with the half-infinite XXZ spin chain for
generic non-diagonal boundary conditions is Aq, which first elements satisfy (2.19). Note that for infinite dimensional
representations which are relevant in the thermodynamic limit of (2.1), the additional relations (2.17) do not arise
[BSh].
• Parameters k± ≡ 0: We now turn to the spectrum generating algebra which is relevant for the study of the
Hamiltonian (2.1) with generic diagonal boundary conditions, i.e. for k± = 0, which implies ρ = 0. By analogy with
the analysis above, the defining relations of the infinite dimensional algebra Adiagq satisfied by the elements K(N)−k ,
K(N)k+1, Z(N)k+1, Z˜(N)k+1 which ensures the integrability of the model (2.1) for right diagonal boundary conditions, as well as
the linear relations similar to (2.17), can be derived using the substitutions (A.5) in (2.15), (2.17) and setting k± = 0.
Similarly to the case of generic boundary conditions, for our purpose it will be however sufficient to focus on the set
of relations satisfied by the first elements. Using the explicit expressions (A.6), one has:
K(N)0 = qσ3 ⊗K(N−1)0 , K(0)0 = ǫ+ ,(2.20)
K(N)1 = q−σ3 ⊗K(N−1)1 , K(0)1 = ǫ− ,
Z(N)1 = II ⊗Z(N−1)1 + (q2 − q−2)σ− ⊗
(
K(N−1)0 +K(N−1)1
)
,
Z˜(N)1 = II ⊗ Z˜(N−1)1 + (q2 − q−2)σ+ ⊗
(
K(N−1)0 + K(N−1)1
)
, Z(0)1 = Z˜(0)1 = 0 .
By straightforward calculations, for generic values of ǫ±, q the elements K(N)0 ,K(N)1 ,Z(N)1 , Z˜(N)1 are found to generate
the augmented q−Onsager algebra with defining relations:[K(N)0 ,K(N)1 ] = 0 ,(2.21)
K(N)0 Z(N)1 = q−2Z(N)1 K(N)0 , K(N)0 Z˜(N)1 = q2Z˜(N)1 K(N)0 ,
K(N)1 Z(N)1 = q2Z(N)1 K(N)1 , K(N)1 Z˜(N)1 = q−2Z˜(N)1 K(N)1 ,[Z(N)1 , [Z(N)1 , [Z(N)1 , Z˜(N)1 ]q]q−1] = ρdiagZ(N)1 (K(N)1 K(N)1 − K(N)0 K(N)0 )Z(N)1 ,[Z˜(N)1 , [Z˜(N)1 , [Z˜(N)1 ,Z(N)1 ]q]q−1] = ρdiagZ˜(N)1 (K(N)0 K(N)0 −K(N)1 K(N)1 )Z˜(N)1
with
ρdiag =
(q3 − q−3)(q2 − q−2)3
q − q−1 .(2.22)
Note that the augmented q−Onsager algebra is a special case of the augmented tridiagonal algebra [IT], which finite
dimensional representations for q not a root of unity have been classified in [IT]. In the next Section, we will argue
that the spectrum generating algebra associated with the half-infinite XXZ spin chain for generic diagonal boundary
conditions is Adiagq , which first elements satisfy (2.21).
In the next Section, the thermodynamic limit N → ∞ of the Hamiltonian (2.1) will be considered in details. In
this limit, the presentations of the transfer matrices t(N)(ζ) of the form (2.7) or (2.12) will be suitable for our purpose.
These are linear combinations of the mutually commuting quantities (2.9) for non-diagonal boundary conditions and
(2.13) for diagonal boundary conditions. From the analysis above and the definitions (2.10), (2.14), let us observe that
the elements W(N)−k ,W
(N)
k+1,G
(N)
k+1, G˜
(N)
k+1 and K
(N)
−k ,K
(N)
k+1,Z
(N)
k+1, Z˜
(N)
k+1 also generate the infinite dimensional algebras Aq
and Adiagq , respectively, and linear relations of the form (2.17). In particular, the elements:
W(N)0 = II(N−1) ⊗ (k¯+σ+ + k¯−σ−) +W
(N−1)
0 ⊗ q−σ3 , W
(0)
0 = ǫ¯− ,(2.23)
W(N)1 = II(N−1) ⊗ (k¯+σ+ + k¯−σ−) +W
(N−1)
1 ⊗ qσ3 , W
(0)
1 = ǫ¯+
satisfy the q−Onsager algebra relations (2.19) with ρ = (q + q−1)2k¯+k¯−.
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On the other hand, the elements:
K(N)0 = K
(N−1)
0 ⊗ q−σ3 , K
(0)
0 = ǫ¯− ,(2.24)
K(N)1 = K
(N−1)
1 ⊗ qσ3 , K
(0)
1 = ǫ¯+ ,
Z(N)1 = Z
(N−1)
1 ⊗ II + (q2 − q−2)
(
K(N−1)0 +K
(N−1)
1
)
⊗ σ+ ,
Z˜
(N)
1 = Z˜
(N−1)
1 ⊗ II + (q2 − q−2)
(
K(N−1)0 +K
(N−1)
1
)
⊗ σ− , Z(0)1 = Z˜
(0)
1 = 0
satisfy the augmented q−Onsager algebra with relations (2.21) and (2.22).
To resume, recall that the explicit relation between Sklyanin’s presentation (2.2) [Sk] and Onsager’s type of pre-
sentation (2.7) of the XXZ open spin chain with generic boundary conditions has been described in details in [BK2]
(see also [BK1]). Above results for the special case of right diagonal, left diagonal or right and left diagonal boundary
conditions complete the correspondence. According to the choice of boundary conditions, two different types of spec-
trum generating algebras have to be considered in this framework: either Aq or Adiagq , which first elements satisfy the
q−Onsager algebra (2.19) (see [BK1, BK2] for details) or the augmented q−Onsager algebra (2.21) exhibited here,
respectively. These results are collected in the following table, where the set of integrals of motions (IMs) are specified
according to the presentation chosen:
open XXZ chain Spectrum gen. algebra IMs (1st presentation) IMs (2nd presentation)
right-left generic bcs. Aq → q−Onsager I(N)2k+1 I
(N)
2k+1
right diag. bcs. k± = 0 Adiagq → aug. q−Onsager J (N)2k+1
or Aq → q−Onsager I(N)2k+1|k±=0
left diag. bcs. k¯± = 0 Aq → q−Onsager I(N)2k+1|k¯±=0
or Adiagq → aug. q−Onsager J
(N)
2k+1
right-left diag. bcs. k¯± = k± = 0 Adiagq → aug. q−Onsager J (N)2k+1|k¯±=0 J
(N)
2k+1|k±=0
Note that the spectrum of the XXZ open spin chain Hamiltonian (2.1) with right diagonal boundary conditions
(k± = 0) and left diagonal boundary (k¯± = 0) conditions may be considered using the properties either of Aq or Adiagq .
Also, it is important to stress that the list of cases presented above is not exhaustive: for instance, one may consider
the set of diagonal boundary conditions k± = k¯± = 0, ǫ+ 6= 0, ǫ¯− 6= 0 and ǫ− = ǫ¯+ = 0 discussed in [ABBBQ, PS]. In
this special case, let us remark that the defining relations satisfied by the fundamental elements of the corresponding
‘larger’ spectrum generating algebra can be derived in a straighforward manner (see a related work [R]). As will be
discussed in the last Section, in the thermodynamic limit the diagonalization of the q−Dolan-Grady hierarchy in this
special case exhibits interesting features.
3. Onsager’s presentation: the thermodynamic limit
The purpose of this Section is to show that, in the thermodynamic limit, the Onsager’s formulation of the XXZ
open spin chain for any type of integrable boundary conditions becomes rather simple: the transfer matrix can be
written in terms of the elements of a current algebra denoted Oq(ŝl2), which sligthly generalizes the current algebra
introduced in [BSh]. According to the choice of parameters k±, two different types of homomorphisms from Oq(ŝl2)
to Aq or Adiagq are exhibited. Also, the relation with certain coideal subalgebras of Uq(ŝl2) is established, that will
play a central role in the next Section for the construction of level one infinite dimensional representations (q−vertex
operators) of Oq(ŝl2) starting from Uq(ŝl2) ones.
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The half-infinite XXZ open spin chain with an integrable boundary can be considered as the thermodynamic limit
N →∞ of the finite XXZ open spin chain (2.1). Consider the Hamiltonian:
H 1
2
XXZ = −
1
2
∞∑
k=1
(
σk+11 σ
k
1 + σ
k+1
2 σ
k
2 +∆σ
k+1
3 σ
k
3
)
− (q − q
−1)
4
(ǫ+ − ǫ−)
(ǫ+ + ǫ−)
σ13 −
1
(ǫ+ + ǫ−)
(
k+σ
1
+ + k−σ
1
−
)
.(3.1)
Note that the normalization in front of the Hamiltonian has been changed compared with (2.1), to fit later on
with the definitions of [JKKKMW] for the special case of diagonal boundary conditions k± = 0. By definition, the
Hamiltonian formally acts on an infinite dimensional vector space V which can be written as an infinite tensor product
of 2−dimensional C2 vector space. According to the ordering of the tensor components in (3.1),
V = · · · ⊗ C2 ⊗ C2 ⊗ C2 .(3.2)
A transfer matrix associated with the Hamiltonian (3.1) can be proposed by analogy with the expressions (2.7),
(2.12) derived for the finite size case. As we are going to explain, it can be written in terms of the elements of the
current algebra associated with Aq for k± 6= 0 or Adiagq for k± = 0.
First, recall that the defining relations of Aq can be derived from the current algebra that has been introduced in
[[BSh], Definition 2.2], well-defined for k± 6= 0 . With minor changes, the defining relations of Adiagq with k± = 0 can
be obtained similarly. Actually, both sets of defining relations follow from a slightly more general current algebra -
denoted here Oq(ŝl2) for simplicity - using two different homomorphisms (mode expansion) given below. To show this,
following [BSh] define the formal variables U(ζ) = (qζ2 + q−1ζ−2)/(q + q−1). Let us introduce the current algebra
Oq(ŝl2) with defining relations:[W±(ζ),W±(ξ)] = 0 ,(3.3) [W+(ζ),W−(ξ)] + [W−(ζ),W+(ξ)] = 0 ,(3.4)
(U(ζ) − U(ξ))[W±(ζ),W∓(ξ)] = (q − q−1)
(q + q−1)3
(Z±(ζ)Z∓(ξ)−Z±(ξ)Z∓(ζ)) ,
W±(ζ)W±(ξ) −W∓(ζ)W∓(ξ) + 1
(q2 − q−2)(q + q−1)2
[Z±(ζ),Z∓(ξ)](3.5)
+
1− U(ζ)U(ξ)
U(ζ)− U(ξ)
(W±(ζ)W∓(ξ)−W±(ξ)W∓(ζ)) = 0 ,
U(ζ)
[Z∓(ξ),W±(ζ)]q − U(ξ)[Z∓(ζ),W±(ξ)]q − (q − q−1)(W∓(ζ)Z∓(ξ)−W∓(ξ)Z∓(ζ)) = 0 ,
U(ζ)
[W∓(ζ),Z∓(ξ)]q − U(ξ)[W∓(ξ),Z∓(ζ)]q − (q − q−1)(W±(ζ)Z∓(ξ)−W±(ξ)Z∓(ζ)) = 0 ,[Zǫ(ζ),W±(ξ)] + [W±(ζ),Zǫ(ξ)] = 0 , ∀ǫ = ± ,(3.6) [Z±(ζ),Z±(ξ)] = 0 ,(3.7) [Z+(ζ),Z−(ξ)] + [Z−(ζ),Z+(ξ)] = 0 .(3.8)
The homomorphism proposed in [[BSh], Theorem 2] gives the explicit relation between the Oq(ŝl2) current algebra for
k± 6= 0 with defining relations (3.3)-(3.8) and the defining relations of Aq [[BSh], Definition 3.1]. Namely, for k± 6= 0
one considers:
W+(ζ) →
∑
k∈Z+
W−kU(ζ)
−k−1 , W−(ζ)→
∑
k∈Z+
Wk+1U(ζ)
−k−1 ,(3.9)
Z+(ζ) → 1
k−
∑
k∈Z+
Gk+1U(ζ)
−k−1 +
k+(q + q
−1)2
(q − q−1) ,
Z−(ζ) → 1
k+
∑
k∈Z+
G˜k+1U(ζ)
−k−1 +
k−(q + q
−1)2
(q − q−1) .
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By analogy11, the defining relations of Adiagq follow from (3.3)-(3.8) by considering instead the homomorphism:
W+(ζ) →
∑
k∈Z+
K−kU(ζ)
−k−1 , W−(ζ)→
∑
k∈Z+
Kk+1U(ζ)
−k−1 ,(3.10)
Z+(ζ) →
∑
k∈Z+
Zk+1U(ζ)
−k−1 , Z−(ζ)→
∑
k∈Z+
Z˜k+1U(ζ)
−k−1 .
Strictly speaking, for k± 6= 0 the current algebra with defining relations (3.3)-(3.8) and (3.9) is isomorphic to Aq
[BSh]. For k± = 0, the definition (3.10) has to be considered instead: in this special case, following [BSh] the current
algebra (3.3)-(3.8) with (3.10) is isomorphic to Adiagq . As both current algebras have the same defining relations and
only differ by (3.9) and (3.10), for simplicity we keep the notation Oq(ŝl2) for both cases.
Note that according to the results of the previous Section, the following obvious homomorphisms may be alterna-
tively considered. There are given by W±(ζ)→W±(ζ), Z±(ζ)→ Z±(ζ) with the following substitutions in the r.h.s
of the mode expansions (3.9) and (3.10), respectively:
W−k →W−k , Wk+1 →Wk+1 , Gk+1 → Gk+1 , G˜k+1 → G˜k+1 , k± → k¯∓(3.11)
K−k → K−k , Kk+1 → Kk+1 , Zk+1 → Zk+1 , Z˜k+1 → Z˜k+1 .
As mentioned above, the half-infinite XXZ spin chain (3.1) can be considered as the thermodynamic limit of (2.1).
Using the results of the previous Section and the homomorphisms (3.9), (3.10) with (3.11), a generating function of
all mutually commuting quantities can be built, inspired by (2.9) and (2.13). We define12:
I(ζ) = ǫ+W−(−ζ−1q−1) + ǫ−W+(−ζ−1q−1) + 1
q2 − q−2
(
k−Z−(−ζ−1q−1) + k+Z+(−ζ−1q−1)
)
.(3.12)
Inspired by the Onsager’s presentation of the finite chain described in the previous Section, the transfer matrix
associated with the half-infinite XXZ spin chain (3.1) can now be proposed, expressed in terms of Oq(ŝl2) currents
acting on V . By analogy with (2.7), (2.12) together with (2.6) and using above quantities, in the following Sections
we will consider:
t(V)(ζ) = g
(ζ2 − ζ−2)
ρ(ζ)
I(V)(ζ) and d
dζ
t(V)(ζ)|ζ=1 = − 4
(q − q−1)H 12XXZ(3.13)
where the index (V) refers to the space on which the currents act and the function ρ(ζ) is chosen such that
t(V)(ζ) = t(V)(−ζ−1q−1) , t(V)(ζ)t(V)(ζ−1) = id , t(V)(ζ)|ζ=1 = id .
In order to study the spectral problem for (3.13), suitable infinite dimensional representations for the current algebra
Oq(ŝl2) need to be constructed. By analogy with the case of the infinite XXZ spin chain, recall that the fundamental
operators exhibited in [FM, Ji, DFJMN] are identified with Chevalley elements of Uq(ŝl2) acting on an infinite tensor
product of two-dimensional vector spaces, thanks to the coproduct structure. For the half-infinite XXZ spin chain
(3.1), the fundamental generators of Aq and Adiagq can be written as linear combinations of Chevalley elements of
Uq(ŝl2) acting on V as we are going to show.
11Recall that the relations satisfied by the elements of Adiagq follow from the ones satisfied by the elements of Aq by setting k± = 0.
12Note that the defining relations (3.3)-(3.8) are invariant under the substitution ζ → −ζ−1q−1
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We start by considering the fundamental generators of Aq. Recall that the explicit expressions (2.18) hold for any
N . In the thermodynamic limit N →∞, one has:
W(∞)0 =
∞∑
j=1
(
...⊗ qσ3 ⊗ qσ3 ⊗ (k+σ+ + k−σ−)︸ ︷︷ ︸
sitej
⊗II ⊗ ...⊗ II) + ǫ+ (...⊗ qσ3 ⊗ qσ3) ,(3.14)
W(∞)1 =
∞∑
j=1
(
...⊗ q−σ3 ⊗ q−σ3 ⊗ (k+σ+ + k−σ−)︸ ︷︷ ︸
sitej
⊗II ⊗ ...⊗ II) + ǫ− (...⊗ q−σ3 ⊗ q−σ3) .
Following [Bas2], one realizes the elements W0,W1 as linear combinations of Chevalley elements of Uq(ŝl2). Define
W0 = k+e1 + k−q
−1f1q
h1 + ǫ+q
h1 ,(3.15)
W1 = k−e0 + k+q
−1f0q
h0 + ǫ−q
h0
which satisfy the defining relations of the q−Onsager algebra [Bas2]:[
W0,
[
W0,
[
W0,W1
]
q
]
q−1
]
= ρ
[
W0,W1
]
,(3.16) [
W1,
[
W1,
[
W1,W0
]
q
]
q−1
]
= ρ
[
W1,W0
]
with (2.16). The fundamental operators of the half-infinite XXZ open spin chain (3.14) are recovered as follows.
For the choice13 of Uq(ŝl2) coproduct considered in [DFJMN] (see Appendix B), one introduces the coaction
14 map
δ : Aq → Uq(ŝl2)⊗Aq defined by:
δ(W0) = (k+e1 + k−q
−1f1q
h1)⊗ 1 + qh1 ⊗W0 ,(3.17)
δ(W1) = (k−e0 + k+q
−1f0q
h0)⊗ 1 + qh0 ⊗W1 .
Let δ(N) = (id× δ)◦ δ(N−1). Then, for N →∞ it follows that δ(N)(W0) and δ(N)(W1) act as (3.14) on V , respectively.
Alternatively, let us mention that another realization may be considered, that will be useful later on. Namely, the
elements
W0 = k¯+q
−1e1q
−h1 + k¯−f1 + ǫ¯−q
−h1 ,(3.18)
W1 = k¯−q
−1e0q
−h0 + k¯+f0 + ǫ¯+q
−h0
also satisfy (3.16) with ρ = (q + q−1)2k¯+k¯−. In this case, for the choice of Uq(ŝl2) coproduct (B.2) the corresponding
coaction map δ : Aq → Aq ⊗ Uq(ŝl2) is such that:
δ(W0) = 1⊗ (k¯+q−1e1q−h1 + k¯−f1) +W0 ⊗ q−h1 ,(3.19)
δ(W1) = 1⊗ (k¯−q−1e0q−h0 + k¯+f0) +W1 ⊗ q−h0 .
We then turn to Adiagq . Using the explicit expressions (2.20), in the thermodynamic limit N →∞ the fundamental
generators take the form:
K(∞)0 = ǫ+
(
...⊗ qσ3 ⊗ qσ3) , K(∞)1 = ǫ−(...⊗ q−σ3 ⊗ q−σ3) ,(3.20)
Z(∞)1 = (q2 − q−2)
(
ǫ+
∞∑
j=1
(
...⊗ II ⊗ σ−︸︷︷︸
sitej
⊗ qσ3 ⊗ ...⊗ qσ3) + ǫ− ∞∑
j=1
(
...⊗ II ⊗ σ−︸︷︷︸
sitej
⊗ q−σ3 ⊗ ...⊗ q−σ3)) ,
Z˜(∞)1 = (q2 − q−2)
(
ǫ+
∞∑
j=1
(
...⊗ II ⊗ σ+︸︷︷︸
sitej
⊗ qσ3 ⊗ ...⊗ qσ3) + ǫ− ∞∑
j=1
(
...⊗ II ⊗ σ+︸︷︷︸
sitej
⊗ q−σ3 ⊗ ...⊗ q−σ3)) .
13In [BK2], a different coproduct is considered.
14In general, given a Hopf algebra H with comultiplication ∆ and counit E, I is called a left H−comodule (coideal subalgebra of H) if
there exists a coaction map δ : I → H⊗ I such that (right coaction maps are defined similarly)
(∆× id) ◦ δ = (id × δ) ◦ δ , (E × id) ◦ δ ∼= id .
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Using (3.15), it is straightforward to extract a realization in terms of Uq(ŝl2) elements: indeed, note that the fundamen-
tal operators Z(∞)1 , Z˜(∞)1 can be derived from the q−commutators [W(∞)1 ,W(∞)0 ]q and [W(∞)0 ,W(∞)1 ]q, respectively,
by setting k± = 0. The explicit expressions (3.15) then suggest to consider:
K0 = ǫ+q
h1 , K1 = ǫ−q
h0 ,(3.21)
Z1 = (q
2 − q−2)(ǫ+q−1e0qh1 + ǫ−f1qh1+h0) ,
Z˜1 = (q
2 − q−2)(ǫ−q−1e1qh0 + ǫ+f0qh1+h0)
which, as one can check, satisfy an augmented q−Onsager algebra with defining relations:
[K0,K1] = 0 ,(3.22)
K0Z1 = q
−2
Z1K0 , K0Z˜1 = q
2
Z˜1K0 ,
K1Z1 = q
2
Z1K1 , K1Z˜1 = q
−2
Z˜1K1 ,[
Z1,
[
Z1,
[
Z1, Z˜1
]
q
]
q−1
]
= ρdiagZ1(K1K1 − K0K0)Z1,[
Z˜1,
[
Z˜1,
[
Z˜1,Z1
]
q
]
q−1
]
= ρdiagZ˜1(K0K0 − K1K1)Z˜1
with (2.22). The coaction map that is compatible with the coproduct of Uq(ŝl2) here considered as well as the relations
(3.22) is such that:
δ(K0) = q
h1 ⊗ K0 , δ(K1) = qh0 ⊗ K1 ,(3.23)
δ(Z1) = q
h0+h1 ⊗ Z1 + (q2 − q−2)
(
q−1e0q
h1 ⊗ K0 + f1qh0+h1 ⊗ K1
)
,
δ(Z˜1) = q
h0+h1 ⊗ Z˜1 + (q2 − q−2)
(
f0q
h0+h1 ⊗ K0 + q−1e1qh0 ⊗ K1
)
.
For N →∞ it is straightforward to check that δ(N)(K0), δ(N)(K1), δ(N)(Z1) and δ(N)(Z˜1) act as (3.20) on V , respec-
tively.
Once again, another realization of the fundamental generators of Adiagq can be proposed. As one can check, the
elements
K0 = ǫ¯−q
−h1 , K1 = ǫ¯+q
−h0 ,(3.24)
Z1 = (q
2 − q−2)(ǫ¯+e1q−h0−h1 + ǫ¯−q−1f0q−h1) ,
Z˜1 = (q
2 − q−2)(ǫ¯−e0q−h0−h1 + ǫ¯+q−1f1q−h0)
also satisfy the augmented q−Onsager algebra (3.22) and the appropriate coaction map is such that:
δ(K0) = K0 ⊗ q−h1 , δ(K1) = K1 ⊗ q−h0 ,(3.25)
δ(Z1) = Z1 ⊗ q−h0−h1 + (q2 − q−2)
(
K1 ⊗ e1q−h0−h1 + K0 ⊗ q−1f0q−h1
)
,
δ(Z˜1) = Z˜1 ⊗ q−h0−h1 + (q2 − q−2)
(
K0 ⊗ e0q−h0−h1 + K1 ⊗ q−1f1q−h0
)
.
Having identified Uq(ŝl2) realizations of the fundamental generators of Aq and Adiagq , as well as left or right coaction
maps which are compatible with the Uq(ŝl2) coproduct (B.2), we can turn to the construction of infinite dimensional
representations that will be useful in solving the spectral problem of (3.1) based on the Onsager’s presentation (3.13).
4. The current algebra Oq(ŝl2) and q−vertex operators
The purpose of this Section is to construct infinite dimensional representations of the current algebra (3.3-3.8) that
will find applications in the massive regime −1 < q < 0 of the XXZ open spin chain. Besides, we will show that the
q-vertex operators of Uq(ŝl2) are intertwiners of Aq-modules or Adiagq -modules, giving an alternative support to the
proposal of [JKKKMW]. As a byproduct, the q−boson realization of Oq(ŝl2) currents recently proposed in [BB2] is
independently confirmed.
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Let Vζ be the two-dimensional evaluation representation of Uq(ŝl2) in the principal picture (see Appendix B) and
consider first the realization (3.15). Following [DFJMN], type I and type II q-vertex operators can be introduced such
that, respectively:
χ(ζ) : V → V ⊗ Vζ ,
χ(ζ) : V → Vζ ⊗ V .
According to the definition of the coaction map δ that is compatible with the realization (3.15), they satisfy (up to a
scalar factor in the r.h.s):
Type I : χ(ζ) ◦ a = (id× πζ)
[
δ(a)
] ◦ χ(ζ) ,(4.1)
Type II : χ(ζ) ◦ a = (πζ × id)
[
δ(a)
] ◦ χ(ζ) ∀a ∈ Aq or Adiagq .
Writting q-vertex operators in the form15:
χ(ζ) = χ+(ζ)⊗ v+ + χ−(ζ) ⊗ v− ,
χ(ζ) = v+ ⊗ χ+(ζ) + v− ⊗ χ−(ζ) ,
two systems of equations follows from (4.1). Choosing a ≡ W0,W1 and using (3.17), the defining relations of type II
q-vertex operators are given by:
W0χ+(ζ) = q
−1χ+(ζ)W0 − k+ζq−1χ−(ζ) ,(4.2)
W0χ−(ζ) = qχ−(ζ)W0 − k−ζ−1qχ+(ζ) ,
W1χ+(ζ) = qχ+(ζ)W1 − k+ζ−1qχ−(ζ) ,
W1χ−(ζ) = q
−1χ−(ζ)W1 − k−ζq−1χ+(ζ) .
For type I q-vertex operators, the relations (4.1) hold for independent values of k±, ǫ±. After simplications, the
corresponding equations reduce to:
e0χ+(ζ) = χ+(ζ)e0 , e1χ+(ζ) + ζq
h1χ−(ζ) = χ+(ζ)e1 ,(4.3)
e0χ−(ζ) + ζq
h0χ+(ζ) = χ−(ζ)e0 , e1χ−(ζ) = χ−(ζ)e1 ,
f0q
h0χ+(ζ) + qζ
−1qh0χ−(ζ) = χ+(ζ)f0q
h0 , f1q
h1χ+(ζ) = χ+(ζ)f1q
h1 ,
f0q
h0χ−(ζ) = χ−(ζ)f0q
h0 , f1q
h1χ−(ζ) + qζ
−1qh1χ+(ζ) = χ−(ζ)f1q
h1 ,
qh0χ±(ζ) = q
±1χ±(ζ)q
h0 , qh1χ±(ζ) = q
∓1χ±(ζ)q
h1 ,
which can be equally written, using the coproduct (B.2), as:
χ(ζ) ◦ x = (id× πζ)
[
∆(x)
] ◦ χ(ζ) for x ∈ {ei, fiqhi , qhi} .(4.4)
On the other hand, if we choose the second realization (3.18) of Aq instead, a similar analysis can be done using
the coaction map δ. It leads to an alternative set of defining relations for type I and type II q−vertex operators.
Remark 3. Type I q−vertex operators satisfy relations of the form (4.2) provided the substitutions:
χ±(ζ)→ χ±(ζ−1) , k± → k¯± , W0 → W1 , W1 →W0 .(4.5)
Type II q−vertex operators can be defined similarly. For generic values of k¯±, ǫ¯± the defining relations simplify to:
χ(ζ) ◦ x = (πζ × id)
[
∆(x)
] ◦ χ(ζ) for x ∈ {eiq−hi , fi, q−hi} .(4.6)
15We set v+ =
(
1
0
)
and v− =
(
0
1
)
.
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The same analysis applies to the fundamental generators of Adiagq . Using the realization (3.21) with coaction map
δ, two sets of equations are obtained. For instance, according to the coaction map (3.23) type II q−vertex operators
are defined by:
K0χ±(ζ) = q
∓1χ±(ζ)K0 ,(4.7)
K1χ±(ζ) = q
±1χ±(ζ)K1 ,
Z1χ+(ζ) = χ+(ζ)Z1 ,
Z1χ−(ζ) = χ−(ζ)Z1 − (q2 − q−2)
(
ζq−1χ+(ζ)K0 + ζ
−1qχ+(ζ)K1
)
,
Z˜1χ+(ζ) = χ+(ζ)Z˜1 − (q2 − q−2)
(
ζq−1χ−(ζ)K1 + ζ
−1qχ−(ζ)K0
)
,
Z˜1χ−(ζ) = χ−(ζ)Z˜1 .
The defining relations of type I q−vertex operators reduce to (4.4).
Remark 4. Type I q−vertex operators satisfy relations of the form (4.7) provided the substitutions:
χ±(ζ)→ χ±(ζ−1) , K0 → K1 , K1 → K0 , Z1 → Z˜1 , Z˜1 → Z1 .(4.8)
Type II q−vertex operators can be defined similarly, leading to (4.6)
More generally, for a given realization and corresponding coaction map the defining relations generalizing (4.2) or
(4.7) or alternatively those associated with (4.5) or (4.8) - satisfied by the intertwiners for any element of Aq or Adiagq ,
respectively - can be obtained using the properties of the current algebra Oq(ŝl2). Two different types of coaction
map that generalize either δ or δ have to be considered to this end. Namely, with minor changes in the results16 of
[[BSh],Proposition 2.2], a left coaction map δ′ : Aq → Uq(sl2) ⊗ Aq which preserves all defining relations (3.3)-(3.8)
follows. By straightforward calculations, the relations generalizing (4.2) or (4.7) according to (3.9) and (3.10) follow
from (4.1). Combining these, we eventually find that the q−vertex operators must satisfy:
W−(ζ)χ−(v) =
κ(v ζ)κ(−v ζ−1q−1)
U(ζ)− U(v−1q)
(
(q−1U(ζ)− U(v−1√q))χ−(v)W−(ζ) + q
q − q−1
q + q−1
χ−(v)W+(ζ)(4.9)
− v q−1 (q − q
−1)
(q + q−1)2
χ+(v)Z−(ζ)
)
,
W+(ζ)χ−(v) =
κ(v ζ)κ(−v ζ−1q−1)
U(ζ)− U(v−1q)
(
(q U(ζ)− U(√q v−1))χ−(v)W+(ζ)− q−1
q − q−1
q + q−1
χ−(v)W−(ζ)
−v−1q (q − q
−1)
(q + q−1)2
χ+(v)Z−(ζ)
)
,
Z−(ζ)χ−(v) = κ(v ζ)κ(−v ζ−1q−1)
(
χ−(v)Z−(ζ)
)
,
Z+(ζ)χ−(v) =
κ(v ζ)κ(−v ζ−1q−1)
U(ζ)− U(v−1q)
(
(U(ζ) − U(v q−1))χ−(v)Z+(ζ)
− (q2 − q−2)(v q−1 U(ζ)− v−1q)χ+(v)W+(ζ)
− (q2 − q−2)(v−1q U(ζ)− v q−1)χ+(v)W−(ζ)
)
.
Changing W±(ζ) → W∓(ζ) , Z±(ζ) → Z∓(ζ) , χ± → χ∓ in above formula, the action of each current on χ+(v)
follows. Note that the prefactor in the r.h.s of (4.9) comes from the definition of the R−matrix (B.4) with (B.6),
which automatically appears in the explicit form of the coaction. As one can check, expanding the currents according
to (3.9) or (3.10) the defining relations (4.2) or (4.7), respectively, are exactly reproduced at the leading order17 in
U(ζ).
16Starting from a solution of the reflection equation K(ζ) in terms of the currents, it is known that R12(ζ/v)K1(ζ)R12(ζv) is also a
solution of the reflection equation. This property was used in [BSh] to define a coaction map δ′.
17Note that κ(v ζ)κ(−v ζ−1q−1) is invariant under the substition ζ → −ζ−1q−1.
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Remark 5. A right coaction map δ
′
: Aq → Aq ⊗ Uq(sl2) which preserves all defining relations (3.3)-(3.8) can be
considered instead. Type I q−vertex operators are defined accordingly, in which case the defining relations take the
form (4.9) provided the substitutions:
χ±(ζ)→ χ±(ζ−1) , W±(ζ)→W∓(ζ) , Z±(ζ)→ Z∓(ζ) .(4.10)
Note that at the leading order in U(ζ), one recovers the defining relations (4.5), (4.8).
The identification of the q−vertex operators associated with Aq and Adiagq is now straightforward. On one hand,
we have observed that Aq and Adiagq can be both interpreted as a left (resp. right) coideal subalgebra of Uq(ŝl2) using
the realizations (3.15) or (3.21) (resp. (3.18) or (3.24)). According to the choice of realization and corresponding
coaction map, we have also identified the relations satisfied by type I and type II q−vertex operators, namely (4.2),
(4.4), (4.5), (4.6), (4.7), (4.8) and, more generally, the relations (4.9) and (4.10). In particular, the relations (4.4),
(4.6) are nothing but the defining relations of type I and type II q-vertex operators of Uq(ŝl2) given in Appendix C.
Then, let V (Λi), i = 0, 1, denote the integrable highest weight level one
18 modules of Uq(ŝl2). Recall that type I and
type II q-vertex operators act as:
Type I : Φ(1−i,i)(ζ) : V (Λi)→ V (Λ1−i)⊗ Vζ ,
Type II : Ψ∗(1−i,i)(ζ) : V (Λi)→ Vζ ⊗ V (Λ1−i)
and the q-vertex operators can be written in the form [DFJMN]
Φ(1−i,i)(ζ) = Φ
(1−i,i)
+ (ζ) ⊗ v+ +Φ(1−i,i)− (ζ) ⊗ v− ,
Ψ∗(1−i,i)(ζ) = v+ ⊗Ψ∗+(1−i,i)(ζ) + v− ⊗Ψ∗−(1−i,i)(ζ) .
Using the explicit realizations (3.15) or (3.21) or, alternatively (3.18) or (3.24), it is straightforward to check that the
following maps
χ(ζ)→ Φ(1−i,i)(ζ) χ(ζ)→ Ψ∗(1−i,i)(ζ) for any i = 0, 1(4.11)
provide explicit realizations of type I and type II q-vertex operators of Aq and Adiagq . The proof solely uses the defining
relations of type I and type II q−vertex operators of Uq(ŝl2).
Now, an explicit expression for the Oq(ŝl2) currents such that all relations (4.9) or (4.10) are satisfied is required
for completeness. To this end, recall that the currents admit certain realizations in terms of elements satisfying a
Zamolodchikov-Faddeev algebra: adapting the results of [[BB2], Proposition 3.2] one shows that all defining relations
(3.3)-(3.8) are satisfied by (4.11):
W±(ζ) →
ζqΨ∗
(1−i,i)
± (ζ
−1)Ψ∗
(1−i,i)
∓ (−ζ q) + ζ−1q−1Ψ∗(1−i,i)∓ (ζ−1)Ψ∗(1−i,i)± (−ζ q)
ζ2q2 − ζ−2q−2 ,(4.12)
Z±(ζ) → (q + q−1)Ψ∗(1−i,i)± (ζ−1)Ψ∗(1−i,i)± (−ζ q) .
Indeed, type I and type II q−vertex operators of Uq(ŝl2) satisfy the Zamolodchikov-Faddeev algebras (C.1), (C.2),
respectively (see [BB2] for details). Then, by straightforward calculations one checks that (4.12) exactly reproduces
(4.9) using (4.11). A similar conclusion follows by substituting W±(ζ)→W∓(ζ), Z±(ζ)→ Z∓(ζ) in (4.12) and using
(4.10). All these results confirm the proposal (4.11).
5. Eigenstates of Oq(ŝl2) currents and diagonalization
In [Bas3], two finite dimensional eigenbasis of Aq were explicitly constructed, which revealed a generalization of the
property of tridiagonal pairs [Ter2] for all generators of Aq: as described in [BK3], in a certain basis of the truncated
finite vector space V(N) any generator of Aq act as a block tridiagonal matrix. Clearly, this property extends to
the generators of Adiagq . Whether this property generalizes to infinite dimensional representations is an interesting
question which goes beyond the scope of this article. However, based on the conjecture that the level one irreducible
18At level one, note that qh0+h1 = q.
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highest weight Uq(ŝl2) representation indexed ‘i
′ is embedded into the half-infinite vector space ‘V ′ using q−vertex
operators [JKKKMW], for −1 < q < 0 it is possible to construct an analog of the two eigenbasis discussed in [Ter2]
for Oq(ŝl2). Using previous results, for the discussion below we focus on the spectral problem associated with the
currents:
W(i)± (ζ) , Z
(i)
± (ζ) : V (Λi)→ V (Λi) for i = 0, 1
with
W(i)± (ζ) =
ζqΦ
(i,1−i)
∓ (ζ)Φ
(1−i,i)
± (−ζ−1q−1) + ζ−1q−1Φ(i,1−i)± (ζ)Φ(1−i,i)∓ (−ζ−1q−1)
ζ2q2 − ζ−2q−2 ,(5.1)
Z(i)± (ζ) = (q + q−1)Φ(i,1−i)∓ (ζ)Φ(1−i,i)∓ (−ζ−1q−1) .(5.2)
On one hand, consider the spectral problem
W(i)± (−ζ−1q−1)|B±〉 = λ±(−ζ−1q−1)|B±〉 for i = 0, 1 .(5.3)
Acting with gΦ∓(ζ
−1) (or, alternatively gΦ±(ζ
−1)) from the left on this equation and using the properties of q−vertex
operators (see Appendix C), it yields to:
ζ±1
ζ2 − ζ−2Φ
(1−i,i)
∓ (ζ)|B+〉 = gλ+(−ζ−1q−1)Φ(1−i,i)∓ (ζ−1)|B+〉 ,(5.4)
ζ∓1
ζ2 − ζ−2Φ
(1−i,i)
∓ (ζ)|B−〉 = gλ−(−ζ−1q−1)Φ(1−i,i)∓ (ζ−1)|B−〉 .(5.5)
For each current, by straightforward calculations one finds the ‘minimal’ solution:
|B+〉 = eF˜0 |0〉 and |B−〉 = eα/2eF˜0 |0〉(5.6)
where
F˜0 = −1
2
∞∑
n=1
nq6n
[2n][n]
a2−n −
∞∑
n=1
q5n/2(1− qn)θn
[2n]
a−n with θn = 1(0) for n even (odd) .
Accordingly, the spectrum reads:
λ+(ζ) = λ−(ζ) =
1
g
ζ−1q−1
ζ2q2 − ζ−2q−2
δ(ζ2q2)
δ(ζ−2q−2)
where δ(z) =
(q6z2; q8)∞
(q8z2; q8)∞
.(5.7)
Remark 6. The eigenvector |B+〉 (resp. |B−〉) coincides exactly with |0〉B|r→0 (resp. eα/2|1〉B|r→∞) in [JKKKMW].
Also, the eigenvectors |B±〉 do not depend on the index i = 0, 1. As a consequence, W(i)± (ζ)|B±〉 =W
(1−i)
± (ζ)|B±〉.
More generally, two families of eigenstates of W(i)± (ζ) can be constructed using the properties of type II q−vertex
operators that are reported in Appendix C: starting from |B±〉, for any i = 0, 1 the commutation relations (C.3) imply:
W(i)± (−ζ−1q−1)Ψ∗µ1(ξ1)...Ψ∗µm(ξm)|B±〉 = λ±(−ζ−1q−1; ξ1, ..., ξm)Ψ∗µ1(ξ1)...Ψ∗µm(ξm)|B±〉(5.8)
with
λ±(ζ; ξ1, ..., ξm) =
m∏
j=1
τ(ζ/ξj)τ(ζξj)λ±(ζ) .
The action of other currents for any i = 0, 1 immediately follows:
Z(i)ǫ (−ζ−1q−1)Ψ∗µ1(ξ1)...Ψ∗µm(ξm)|Bǫ′〉 =
(q + q−1)ζ1−ǫǫ
′ δ(ζ2q2)
δ(ζ−2q−2)
∏m
j=1 τ(ζ/ξj)τ(ζξj) Φ
∗
ǫ
(i,1−i)(ζ−1)Φ
(1−i,i)
−ǫ (ζ
−1)Ψ∗µ1(ξ1)...Ψ
∗
µm(ξm)|Bǫ′〉 .
Having explicit expressions for W(i)± (ζ) currents’ eigenstates, following [BK3] we now turn to the diagonalization of
the Hamiltonian (3.1) in the massive regime −1 < q < 0 within Onsager’s approach. In Section 2, we have introduced
18 P. BASEILHAC AND S. BELLIARD
the corresponding transfer matrix in terms of the generating function of all mutually commuting quantities (3.12)
that form the so-called q−Dolan-Grady hierarchy, by analogy with the finite size case. According to (3.3)-(3.8), the
commutation and invertibility relations of the q−vertex operators (see Appendix C) and (5.1), (5.2), observe that the
following relations are satisfied:[I(i)(ζ), I(i)(ξ)] = 0 , I(i)(ζ) = κ(−qζ2)I(i)(−ζ−1q−1) , g(ζ2 − ζ−2)I(i)(ζ)|ζ=1 = ǫ+ + ǫ− ,
−g2(ζ2 − ζ−2)2I(i)(ζ)I(i)(ζ−1) = (ǫ+ + ǫ−)2 + (ζ − ζ−1)2ǫ+ǫ− − (ζ
2 − ζ−2)2
(q − q−1)2 k+k− .
As a consequence, the following contraints on the normalization factor in terms of the boundary parameters follow:
ρ(ζ)
ρ(−q−1ζ−1) = −
1
κ(−qζ2)
(ζ2 − ζ−2)
(q2ζ2 − q−2ζ−2) ,(5.9)
ρ(ζ)ρ(ζ−1) = (ǫ+ + ǫ−)
2 + (ζ − ζ−1)2ǫ+ǫ− − (ζ
2 − ζ−2)2
(q − q−1)2 k+k− ,
ρ(1) = ǫ+ + ǫ− .
Note that if one writes (2.7) solely in terms of q−vertex operators, one recovers exactly the transfer matrix proposed
in [[JKKKMW], eq. (2.13)]. In this case, the scalar solution (2.4) of the reflection equation associated with the right
boundary can be explicitly exhibited.
We are now in position to study the spectral problem associated with (3.12) for any choice of boundary parameters
ǫ±, k±. In the present article, for simplicity we will focus on two special cases: first, we will study the case of diagonal
boundary conditions ǫ± 6= 0, k± = 0: it has been considered in details in the literature [JKKKMW] and will serve
as a check of the approach here presented. Then, we will consider the case of upper (ǫ± 6= 0, k+ 6= 0, k− = 0) or
lower (ǫ± 6= 0, k− 6= 0, k+ = 0) non-diagonal boundary conditions: the results here obtained can be compared with
the known ones obtained within the Bethe ansatz approach [BCRS]. Note that the explicit expression for the vacuum
vectors for upper or lower non-diagonal boundary conditions allows to derive an integral representation for correlation
fonctions, following [DFJMN, JKKKMW]. This will be considered elsewhere.
5.1. The diagonal case revisited. For diagonal boundary conditions k± = 0 and ǫ± 6= 0, define v2 ≡ r = −ǫ+/ǫ−.
By straightforward calculations, the solution ρ(ζ) to the constraints (5.9) that is compatible with the action of the
q−vertex operators19 is given by:
ρ(ζ) = (ζǫ− + ζ
−1ǫ+)
δ(ζ−2)
δ(ζ2)
ϕ˜(ζ−2; r)
ϕ˜(ζ2; r)
(5.10)
where
ϕ˜(z; r) =
(q4rz; q4)∞
(q2rz; q4)∞
and δ(z) =
(q6z2; q8)∞
(q8z2; q8)∞
.
Now, starting from the eigenstates |B±〉 of W(i)± (ζ) defined by (5.6), we are looking for the vacuum vectors of the
transfer matrix (3.13) for k± = 0 .
First vacuum vector |0〉B: Define
|0〉B ≡ ef(v)|B+〉 where f(v) = −
∞∑
n=1
a−n
[2n]
q7n/2v2n .
The action of the q−vertex operators on the exponential term is such that:
Φ
(1−i,i)
− (ζ)e
f(v) = ϕ˜(ζ−2; v2)ef(v)Φ
(1−i,i)
− (ζ) ,
Φ
(1−i,i)
+ (ζ)e
f(v) = ϕ˜(ζ−2; v2)
(
(1− v2ζ−2) ef(v)Φ(1−i,i)+ (ζ) + v2(1− q2)ζ−1ef(v)Φ(1−i,i)− (ζ)x−−1
)
,
19Indeed, another solution to (5.9) may be considered.
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where we introduced the Drinfeld’s generator (C.9)
x−−1 =
∮
C1
dw
2πi
X−(w) .
Using (5.4), (5.5) and noticing that x−−1|B+〉 = 0 by straightforward calculations, one derives
Φ
(1,0)
− (ζ) e
f(v)|B+〉 = δ(ζ
−2)ϕ˜(ζ−2; v2)
δ(ζ2)ϕ˜(ζ2; v2)
Φ
(1,0)
− (ζ
−1) ef(v)|B+〉 ,(5.11)
Φ
(1,0)
+ (ζ) e
f(v)|B+〉 = (ζ
2 − v2)
(1− v2ζ2)
δ(ζ−2)ϕ˜(ζ−2; v2)
δ(ζ2)ϕ˜(ζ2; v2)
Φ
(1,0)
+ (ζ
−1) ef(v)|B+〉 .(5.12)
Note that this result is in agreement with [JKKKMW], although the notations here differ. As a consequence, the
action of the currents on the state |0〉B is given by:
W(0)+ (−q−1ζ−1)|0〉B =
ϕ(ζ−2; r)
ϕ(ζ2; r)
(
1
g
(ζ − rζ−1)
(ζ2 − ζ−2)(1 − rζ2) −
rζ
1− rζ2Φ
∗
−
(0,1)(ζ−1)Φ
(1,0)
− (ζ
−1)
)
|0〉B ,
W(0)− (−q−1ζ−1)|0〉B =
ϕ(ζ−2; r)
ϕ(ζ2; r)
(
1
g
ζ2(ζ − rζ−1)
(ζ2 − ζ−2)(1 − rζ2) −
ζ
1− rζ2Φ
∗
−
(0,1)(ζ−1)Φ
(1,0)
− (ζ
−1)
)
|0〉B
where the notation ϕ(z; r) = δ(z)ϕ˜(z; r) has been introduced to fit with [JKKKMW]. Combining both expressions
together according to (3.12), the off-diagonal contribution cancels. Using (5.10), in agreement with [JKKKMW] one
finds:
t(0)(ζ)|k±=0|0〉B = 1 |0〉B .(5.13)
Second vacuum vector |1〉B: Similar analysis can be done for the second eigenstate, denoted |1〉B in [JKKKMW].
Define
|1〉B ≡ e−f(−q
−1v−1)|B−〉 .
By straightforward calculations, one finds that
Φ
(0,1)
− (ζ) e
−f(−q−1v−1)|B−〉 = Λ(ζ; v2)δ(ζ
−2)ϕ˜(ζ−2; v2)
δ(ζ2)ϕ˜(ζ2; v2)
Φ
(0,1)
− (ζ
−1) e−f(−q
−1v−1)|B−〉 ,(5.14)
Φ
(0,1)
+ (ζ) e
−f(−q−1v−1)|B−〉 = Λ(ζ; v2) (ζ
2 − v2)
(1− v2ζ2)
δ(ζ−2)ϕ˜(ζ−2; v2)
δ(ζ2)ϕ˜(ζ2; v2)
Φ
(0,1)
+ (ζ
−1) e−f(−q
−1v−1)|B−〉(5.15)
where
Λ(ζ; v2) = ζ2
ϕ˜(q−2ζ2; v−2)ϕ˜(ζ2; v2)
ϕ˜(q−2ζ−2; v−2)ϕ˜(ζ−2; v2)
.
The action of the currents W(1)± (−q−1ζ−1) on |1〉B follows, which leads to
t(1)(ζ)|k±=0|1〉B = Λ(ζ; r) |1〉B
in agreement with [JKKKMW]. Finally, according to the observation that (see Appendix C and (4.12)):
W(i)± (ζ)Ψ∗(i,1−i)µ (ξ) = τ(ζ/ξ)τ(ζξ) Ψ∗(i,1−i)µ (ξ)W
(i)
± (ζ) ,
more general eigenstates of the transfer matrix are generated using type II q−vertex operators. In agreement with
[JKKKMW], it follows:
t(i)(ζ)|k±=0 Ψ∗µ1(ξ1)...Ψ∗µm(ξm)|i〉B = Λ(i)(ζ; r)
m∏
j=1
τ(ζ/ξj)τ(ζξj) Ψ
∗
µ1(ξ1)...Ψ
∗
µm(ξm)|i〉B .
where Λ(0)(ζ; r) = 1 and Λ(1)(ζ; r) = Λ(ζ; r). From (3.13), the energy levels are derived and expressed in terms of
Jacobi elliptic functions [JKKKMW].
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5.2. Upper or lower non-diagonal boundary conditions. Let us consider the Hamiltonian (3.1) with upper
non-diagonal boundary conditions ǫ± 6= 0, k+ 6= 0 and k− = 0, keeping above parametrization v2 ≡ r = −ǫ+/ǫ−.
Clearly, in this case the solution ρ(ζ) is also given by (5.10) as the product of non-diagonal parameters k+k− vanishes.
According to the results of Section 3, let us consider by analogy with (3.18) the following realization of the q−Onsager
algebra:
w0 = k
′
+q
−1e1q
−h1 + k′−f1 and w1 = k
′′
−q
−1e0q
−h0 + k′′+f0 ,(5.16)
where the parameters k′±, k
′′
± are not determined yet. Their action on type I q−vertex operators are deduced from
(4.3). Now, define:
w
(±)
0 ≡ w0|k′∓=0 and w
(±)
1 ≡ w1|k′′∓=0 .
By straightforward calculation, it follows:
Φ−(ζ)(w
(+)
0 )
n = qn(w
(+)
0 )
nΦ−(ζ) ,
Φ+(ζ)(w
(+)
0 )
n = q−n(w
(+)
0 )
nΦ+(ζ) + k
′
+ζ[n]q(w
(+)
0 )
n−1Φ−(ζ) ,
Φ−(ζ)(w
(−)
0 )
n = qn(w
(−)
0 )
nΦ−(ζ) + k
′
−ζ
−1[n]q(w
(−)
0 )
n−1Φ+(ζ) ,
Φ+(ζ)(w
(−)
0 )
n = q−n(w
(−)
0 )
nΦ+(ζ)
and similarly for w
(±)
1 , provided the substitutions w
(±)
0 → w(±)1 , k′± → k′′±, ζ → ζ−1 and q → q−1 in above commutation
relations. According to (5.11), (5.12), (5.14), (5.15), let us consider the following combinations:
|+; 0〉 =
∞∑
n=0
q−n(n−1)/2
[n]q!
(w
(+)
1 )
n|0〉B and |+; 1〉 =
∞∑
n=0
qn(n−1)/2
[n]q!
(w
(+)
0 )
n|1〉B .(5.17)
Acting with type I q−vertex operators, it is easy to show that:
Φ
(1,0)
− (ζ) |+; 0〉 =
ϕ(ζ−2; r)
ϕ(ζ2; r)
Φ
(1,0)
− (ζ
−1) |+; 0〉 ,(5.18)
Φ
(1,0)
+ (ζ) |+; 0〉 =
ϕ(ζ−2; r)
ϕ(ζ2; r)
(
(ζ2 − v2)
(1− v2ζ2)Φ
(1,0)
+ (ζ
−1) − k′′+
ζ(ζ2 − ζ−2)
1− v2ζ2 Φ
(1,0)
− (ζ
−1)
)
|+; 0〉(5.19)
and
Φ
(0,1)
− (ζ) |+; 1〉 = Λ(ζ; v2)
ϕ(ζ−2; r)
ϕ(ζ2; r)
Φ
(0,1)
− (ζ
−1) |+; 1〉 ,(5.20)
Φ
(0,1)
+ (ζ) |+; 1〉 = Λ(ζ; v2)
ϕ(ζ−2; r)
ϕ(ζ2; r)
(
(ζ2 − v2)
(1 − v2ζ2)Φ
(0,1)
+ (ζ
−1) − k′+
v2ζ(ζ2 − ζ−2)
1− v2ζ2 Φ
(0,1)
− (ζ
−1)
)
|+; 1〉 .(5.21)
By analogy with the case of diagonal boundary conditions, it is straigthforward to derive the action of the conserved
currents (3.12) for k− = 0 on above states. Appart from terms that already appeared in the case of diagonal boundary
conditions, the structure of the states |+; i〉 generates an additional contribution associated with the currentsW(i)± (ζ)
which mixes with the one associated with Z(i)+ (ζ), i = 0, 1. Assuming that |+; i〉 are eigenstates of (3.12) for k− = 0
determines uniquely the choice of parameters k′+, k
′′
+. Namely,
I(0)(ζ)|k−=0|+; 0〉 = Λ(0)(ζ2, r)
ϕ(ζ−2, r)
ϕ(ζ2, r)
(ǫ+ζ
−1 + ǫ−ζ)
g(ζ2 − ζ−2) |+; 0〉 ,
I(1)(ζ)|k−=0|+; 1〉 = Λ(1)(ζ2, r)
ϕ(ζ−2, r)
ϕ(ζ2, r)
(ǫ+ζ
−1 + ǫ−ζ)
g(ζ2 − ζ−2) |+; 1〉
for
k′′+ =
1
q − q−1
k+
ǫ−
and k′+ = −
1
q − q−1
k+
ǫ+
.(5.22)
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Although the vacuum vectors (5.17) with (5.22) are more complicated than in the diagonal case, the spectrum of the
transfer matrix is clearly unchanged. Note that such phenomena is known for the finite size open XXX spin chain
with upper or lower non-diagonal boundary conditions [BCRS] (see also [MMR]) within the Bethe ansatz framework.
Having identified the vacuum vectors, excited states follow using the action of type II q−vertex operators.
For completeness, let us finally describe the vacuum eigenstates of the Hamiltonian (3.1) for lower non-diagonal
boundary conditions ǫ± 6= 0, k− 6= 0 and k+ = 0. They are given by:
|−; 0〉 =
∞∑
n=0
qn(n−1)/2
[n]q!
(w
(−)
1 )
n|0〉B and |−; 1〉 =
∞∑
n=0
q−n(n−1)/2
[n]q!
(w
(−)
0 )
n|1〉B(5.23)
where
k′′− = −
1
q − q−1
k−
ǫ−
and k′− =
1
q − q−1
k−
ǫ+
.(5.24)
Note that the vacuum vectors (5.17) with (5.22) and (5.23) with (5.24) are power series in k+ and k−, respectively.
For the special case k+ = 0 in (5.17) (or k− = 0 in (5.23)), all terms in the series disappear except the term n = 0, in
which case the vacuum vectors reduce to the ones associated with diagonal boundary conditions k± = 0.
6. Comments and perspectives
In the present article, the research program initiated in [Bas1, Bas2] and further explored in [BK1, BK2, BK3] has
been applied to the thermodynamic limit of the XXZ open spin chain with general integrable boundary conditions. It
has been shown that the formulation of the finite size case of [BK3] - here completed for diagonal boundary conditions
- can be directly extended to the infinite limit. In this approach, the new current algebra introduced in [BSh] plays
a central role: the diagonalisation of the Hamiltonian/transfer matrix is reduced to the study of the representation
theory of the current algebra Oq(ŝl2). For −1 < q < 0, explicit realizations of the currents in terms of Uq(ŝl2) q−vertex
operators have been obtained, confirming independently the proposal of [BB2]. Also, certain properties reminiscent
of the finite size case - for instance, the existence of two ‘dual’ families of eigenstates - have been exhibited. For
diagonal boundary conditions, the spectrum and eigenstates have been described in details within the new framework,
providing a fresh look at the known results in [JKKKMW]. For upper or lower non-diagonal boundary, for the first
time the spectrum and eigenstates are obtained explicitly. In particular, the eigenstates are generated starting from
the currents’ eigenstates through the action of Chevalley elements of Uq(ŝl2). Importantly, this result and its possible
generalization to generic boundary conditions - see some comments below - open the possibility to derive integral
representations of correlation functions and form factors for non-diagonal boundary conditions.
For generic boundary conditions, the spectral problem could be considered along the same line: equations extending
(5.18)-(5.21) have to be considered, where, roughly speaking, the eigenstates are such that an additional term is
generated in the r.h.s. of (5.18) and (5.20). Actually, in view of the fact that the elements (5.16) generate a q−Onsager
algebra, according to the intertwining relations of the form (4.2) it is thus natural to construct the eigenstates of (3.1)
using linearly independent monomials in w0,w1. Namely, understanding further the construction of a Poincare´-
Birkhoff-Witt basis of the q−Onsager algebra is highly desirable. In this direction, the results of [BB3] suggest to
consider the following combinations of ‘descendents’ acting on the ‘diagonal’ vacuum vectors:
Wα1−k1 ...WαN−kNG
β1
p1+1
...GβPpP+1WγMlM+1...W
γ1
l1+1
|i〉B(6.1)
where {αj, βj , γj , kj , pj , lj} ∈ Z+ and the ordering k1 < ... < kN ; l1 < ... < lM ; p1 < ... < pP is chosen. We intend to
study this problem separately.
As the reader noticed, the long standing question of the non-Abelian symmetry of the Hamiltonian (3.1) has not
been adressed up to now although it played a central role in the initial development of the vertex operator program
[DFJMN, JKKKMW]: in the case of the infinite XXZ spin chain, recall that the Uq(ŝl2) algebra emerges as a non-
Abelian symmetry of the Hamiltonian [FM]. For generic non-diagonal or diagonal boundary conditions, following
[FM, Ji] it is easy to show that a similar phenomena occurs in the thermodynamic limit of the open spin chain. Let
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H 1
2
XXZ = H0+hb where H0 and hb denote the bulk and boundary contributions in the Hamiltonian (3.1) for ǫ± 6= 0,
k± 6= 0, respectively. By straightforward calculations one finds:[
H0,W(∞)0
]
= −[hb,W(∞)0 ] = −12(q − q−1)(...⊗ qσ3 ⊗ qσ3 ⊗ (k+σ+ − k−σ−)) .
A similar analysis can be done for W(∞)1 . Combining both expressions, one finally shows that the Hamiltonian (3.1)
is commuting with these operators: [
H 1
2
XXZ , a
]
= 0 , a ∈ {W(∞)0 ,W(∞)1 } .(6.2)
Similarly, for the case of generic diagonal boundary conditions, in the thermodynamic limit N →∞ by straightfor-
ward calculations one finds that the contributions coming from the commutator of the bulk and boundary terms of
the Hamiltonian with the fundamental elements of Adiagq cancel each other:[
Hdiag1
2
XXZ
, a
]
= 0 , a ∈ {K(∞)0 ,K(∞)1 ,Z(∞)1 , Z˜(∞)1 } .(6.3)
According to these results, we then conclude that the q−Onsager and augmented q−Onsager algebras with defining
relations (2.19) and (2.21) emerge as the non-Abelian symmetry of the Hamiltonian (3.1) for generic non-diagonal and
diagonal boundary conditions (k± = 0), respectively. Despite of the fact that this property played no role in previous
analysis, it has not been observed previously in the literature, to our knowledge.
Besides, we would like to make a few comments. In [PS], recall that common algebraic structures were exhibited
between certain finite lattice models and conformal field theories. For instance, it was shown that the Hamiltonian of
the XXZ open spin chain can be understood as the discrete analog of the Virasoro generator L0. In this picture, the
Temperley-Lieb algebra and the Virasoro algebra share similar properties. For instance, consider the Hamiltonians
H
(±)
1
2
XXZ
= −1
2
∞∑
k=1
(
σk+11 σ
k
1 + σ
k+1
2 σ
k
2 +∆σ
k+1
3 σ
k
3
)
± (q − q
−1)
4
σ13(6.4)
which can be obtained as the thermodynamic limit of the Uq(sl2)−symmetric XXZ open spin chain. As described
in [PS], the special value of the boundary field (compared with (3.1)) plays a very singular role: for the deformation
parameter q = exp(iπ/µ(µ + 1)), µ /∈ Q, the central charge of the Virasoro algebra associated with H(−)1
2
XXZ
was
identified with c = 1 − 6/µ(µ+ 1) and the Hamiltonian’s spectrum was expressed in terms of conformal dimensions.
In light of previous results, for the special class of diagonal boundary conditions (+) (resp. (−)) associated with
ǫ+ = 0, ǫ− 6= 0 (resp. ǫ− = 0, ǫ+ 6= 0) some remarkable properties are then expected. Indeed, according to the analysis
above, the vacuum vector of the Hamiltonian H
(+)
1
2
XXZ
(resp. H
(−)
1
2
XXZ
) is given by |B+〉 (resp. |B−〉). In other words,
the spectrum of the Hamiltonians (6.4) is classified according to the eigenvalues of the fundamental generators of the
augmented q−Onsager algebra. Moreover, it is worth mentioning that the realizations of the Oq(ŝl2) currents in terms
of type II q−vertex operators such as (4.12) share some analogy with currents arising in the study of the q−deformed
Virasoro algebra [LP] or currents exihibited in the context of conformal field theory [Kau]. In view of this, a relation
between the representation theory of Oq(ŝl2) and the q−Virasoro algebra may be investigated.
Finally, let us mention that the formulation (3.13) can be applied to other integrable models directly, for instance the
XXZ open chain with higher spins or alternating spins. In these cases, the results of [IIJMNT] have to be considered.
More generally, it can be extended to models with higher symmetries (see e.g. [BR]) in which case generalizations
of the current algebra (3.3)-(3.8) are needed. A first step in this direction has been passed in [BB1, Kol], where
generalizations of the q−Onsager algebra and twisted q− Yangians [MRS] have been proposed (for some applications,
see [BF]). In this picture, the problem of the diagonalization of the transfer matrix generalizing (3.13) with (3.12) relies
on a better understanding of the representation theory associated with certain coideal subalgebras of Uq(ĝ). Another
interesting direction, obviously inspired by the conformal field theory program, concerns the family of q−difference
equations for the correlation functions in Onsager’s picture. We intend to discuss some of these problems elsewhere.
Acknowledgements: P.B. thanks T. Kojima for discussions. S.B. thanks N. Crampe´ for discussions and also the
LMPT for hospitality, where part of this work has been done.
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Appendix A. Generators of the infinite dimensional algebras Aq and Adiagq
• Elements generating Aq: For generic values of the parameters ǫ±, k± 6= 0 and N ∈ N, the elements
W−k,Wk+1,Gk+1, G˜k+1 (4N in total) act on N−tensor product (evaluation) representations of Uq(ŝl2), and depend
solely on the N−parameters vk and spin−jk for k = 1, ..., N . Define w(jk)0 = q2jk+1 + q−2jk−1. According to the
ordering of the vector spaces
V(N) = VN ⊗ · · · ⊗ V2 ⊗ V1 ,(A.1)
they act as [BK2] (see also [BK1]):
W
(N)
−k =
(w
(jN )
0 − (q + q−1)q2s3)
(q + q−1)
⊗W(N−1)k −
(v2N + v
−2
N )
(q + q−1)
II ⊗W(N−1)−k+1 +
(v2N + v
−2
N )w
(jN )
0
(q + q−1)2
W
(N)
−k+1(A.2)
+
(q − q−1)
k+k−(q + q−1)2
(
k+vNq
1/2S+q
s3 ⊗ G(N−1)k + k−v−1N q−1/2S−qs3 ⊗ G˜
(N−1)
k
)
+ q2s3 ⊗W(N−1)−k ,
W
(N)
k+1 =
(w
(jN )
0 − (q + q−1)q−2s3)
(q + q−1)
⊗W(N−1)−k+1 −
(v2N + v
−2
N )
(q + q−1)
II ⊗W(N−1)k +
(v2N + v
−2
N )w
(jN )
0
(q + q−1)2
W
(N)
k
+
(q − q−1)
k+k−(q + q−1)2
(
k+v
−1
N q
−1/2S+q
−s3 ⊗ G(N−1)k + k−vNq1/2S−q−s3 ⊗ G˜
(N−1)
k
)
+ q−2s3 ⊗W(N−1)k+1 ,
G
(N)
k+1 =
k−(q − q−1)2
k+(q + q−1)
S2− ⊗ G˜
(N−1)
k −
1
(q + q−1)
(v2Nq
2s3 + v−2N q
−2s3)⊗ G(N−1)k + II ⊗ G(N−1)k+1
+(q − q−1)
(
k−vN q
−1/2S−q
s3 ⊗ (W(N−1)−k −W(N−1)k )+ k−v−1N q1/2S−q−s3 ⊗ (W(N−1)k+1 −W(N−1)−k+1 ))
+
(v2N + v
−2
N )w
(jN )
0
(q + q−1)2
G
(N)
k ,
G˜
(N)
k+1 =
k+(q − q−1)2
k−(q + q−1)
S2+ ⊗ G(N−1)k −
1
(q + q−1)
(v2Nq
−2s3 + v−2N q
2s3)⊗ G˜(N−1)k + II ⊗ G˜
(N−1)
k+1
+(q − q−1)
(
k+v
−1
N q
1/2S+q
s3 ⊗ (W(N−1)−k −W(N−1)k )+ k+vNq−1/2S+q−s3 ⊗ (W(N−1)k+1 −W(N−1)−k+1 ))
+
(v2N + v
−2
N )w
(jN )
0
(q + q−1)2
G˜
(N)
k ,
where, for the special case k = 0 we identify 20
W
(N)
k |k=0 ≡ 0 , W(N)−k+1|k=0 ≡ 0 , G(N)k |k=0 = G˜
(N)
k |k=0 ≡
k+k−(q + q
−1)2
(q − q−1) II
(N) .(A.3)
In addition, one has the “initial” c−number conditions
W
(0)
0 ≡ ǫ(0)+ , W(0)1 ≡ ǫ(0)− and G(0)1 = G˜
(0)
1 ≡ ǫ(0)+ ǫ(0)− (q − q−1) .(A.4)
• Elements generating Adiagq : All expressions below are derived from above expressions, through the substitu-
tions:
W
(N)
−k → K(N)−k , W(N)k+1 → K(N)k+1 ,(A.5)
G
(N)
k+1 → k−
(
Z
(N)
k+1 + ǫ+ǫ−(q − q−1) II(N)
)
, G˜
(N)
k+1 → k+
(
Z˜
(N)
k+1 + ǫ+ǫ−(q − q−1) II(N)
)
20Although the notation is ambiguous, the reader must keep in mind that W
(N)
k
|k=0 6= W
(N)
−k
|k=0 ,W
(N)
−k+1|k=0 6= W
(N)
k+1|k=0 for any N .
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and then setting k± = 0. It yields to:
K
(N)
−k =
(w
(jN )
0 − (q + q−1)q2s3 )
(q + q−1)
⊗ K(N−1)k −
(v2N + v
−2
N )
(q + q−1)
II ⊗ K(N−1)−k+1 +
(v2N + v
−2
N )w
(jN )
0
(q + q−1)2
K
(N)
−k+1(A.6)
+
(q − q−1)
(q + q−1)2
(
vN q
1/2S+q
s3 ⊗ Z(N−1)k + v−1N q−1/2S−qs3 ⊗ Z˜
(N−1)
k
)
+ q2s3 ⊗ K(N−1)−k ,
K
(N)
k+1 =
(w
(jN )
0 − (q + q−1)q−2s3 )
(q + q−1)
⊗ K(N−1)−k+1 −
(v2N + v
−2
N )
(q + q−1)
II ⊗ K(N−1)k +
(v2N + v
−2
N )w
(jN )
0
(q + q−1)2
K
(N)
k
+
(q − q−1)
(q + q−1)2
(
v−1N q
−1/2S+q
−s3 ⊗ Z(N−1)k + vN q1/2S−q−s3 ⊗ Z˜
(N−1)
k
)
+ q−2s3 ⊗ K(N−1)k+1 ,
Z
(N)
k+1 =
(q − q−1)2
(q + q−1)
S2− ⊗ Z˜
(N−1)
k −
1
(q + q−1)
(v2N q
2s3 + v−2N q
−2s3)⊗ Z(N−1)k + II ⊗ Z(N−1)k+1
+(q − q−1)
(
vNq
−1/2S−q
s3 ⊗ (K(N−1)−k − K(N−1)k )+ v−1N q1/2S−q−s3 ⊗ (K(N−1)k+1 − K(N−1)−k+1 ))
+
(v2N + v
−2
N )w
(jN )
0
(q + q−1)2
Z
(N)
k ,
Z˜
(N)
k+1 =
(q − q−1)2
(q + q−1)
S2+ ⊗ Z(N−1)k −
1
(q + q−1)
(v2N q
−2s3 + v−2N q
2s3)⊗ Z˜(N−1)k + II ⊗ Z˜
(N−1)
k+1
+(q − q−1)
(
v−1N q
1/2S+q
s3 ⊗ (K(N−1)−k − K(N−1)k )+ vNq−1/2S+q−s3 ⊗ (K(N−1)k+1 − K(N−1)−k+1 ))
+
(v2N + v
−2
N )w
(jN )
0
(q + q−1)2
Z˜
(N)
k .
As before, we identify 21
K
(N)
k |k=0 ≡ 0 , K(N)−k+1|k=0 ≡ 0 , Z(N)k |k=0 ≡ 0 , Z˜
(N)
k |k=0 ≡ 0(A.7)
together with the “initial” c−number conditions
K
(0)
0 ≡ ǫ+ , K(0)1 ≡ ǫ− and Z(0)1 = Z˜
(0)
1 ≡ 0 .(A.8)
• Application to the homogeneous XXZ open spin- 12 chain: For generic non-diagonal k± 6= 0 or diago-
nal k± ≡ 0 boundary conditions, the generators of the infinite dimensional algebras Aq or Adiagq are simply given,
respectively, by:
W(N)−l ≡ (⊗Nk=1π(
1
2
))[W
(N)
−l ]|vk=1 , W(N)l+1 ≡ (⊗Nk=1π(
1
2
))[W
(N)
l+1 ]|vk=1 ,
G(N)l+1 ≡ (⊗Nk=1π(
1
2
))[G
(N)
l+1 ]|vk=1 , G˜(N)l+1 ≡ (⊗Nk=1π(
1
2
))[G˜
(N)
l+1 ]|vk=1
or
K(N)−l ≡ (⊗Nk=1π(
1
2
))[K
(N)
−l ]|vk=1 , K(N)l+1 ≡ (⊗Nk=1π(
1
2
))[K
(N)
l+1 ]|vk=1 ,
Z(N)l+1 ≡ (⊗Nk=1π(
1
2
))[Z
(N)
l+1 ]|vk=1 , Z˜(N)l+1 ≡ (⊗Nk=1π(
1
2
))[Z˜
(N)
l+1 ]|vk=1(A.9)
for l ∈ 0, ..., N − 1. Here we considered the two-dimensional representation π(1/2) given by:
π(1/2)[S±] = σ± and π
(1/2)[s3] = σ3/2 .(A.10)
21Remind that K
(N)
k
|k=0 6= K
(N)
−k
|k=0 ,K
(N)
−k+1|k=0 6= K
(N)
k+1|k=0 for any N .
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Appendix B. Drinfeld-Jimbo presentation of Uq(ŝl2)
Define the extended Cartan matrix {aij} (aii = 2, aij = −2 for i 6= j). The quantum affine algebra Uq(ŝl2) is
generated by the elements {hj, ej , fj}, j ∈ {0, 1} which satisfy the defining relations
[hi, hj ] = 0 , [hi, ej] = aijej , [hi, fj ] = −aijfj , [ei, fj ] = δij q
hi − q−hi
q − q−1
together with the q−Serre relations
[ei, [ei, [ei, ej]q]q−1 ] = 0 , and [fi, [fi, [fi, fj]q]q−1 ] = 0 .(B.1)
The sum C = h0+ h1 is the central element of the algebra. The Hopf algebra structure is ensured by the existence of
a comultiplication ∆ : Uq(ŝl2) 7→ Uq(ŝl2)⊗Uq(ŝl2), antipode S : Uq(ŝl2) 7→ Uq(ŝl2) and a counit E : Uq(ŝl2) 7→ C with
∆(ei) = ei ⊗ 1 + qhi ⊗ ei ,
∆(fi) = fi ⊗ q−hi + 1⊗ fi ,
∆(hi) = hi ⊗ 1 + 1⊗ hi ,(B.2)
S(ei) = −q−hiei , S(fi) = −fiqhi , S(hi) = −hi S(1) = 1
and E(ei) = E(fi) = E(hi) = 0 , E(1) = 1 .
Note that the opposite coproduct ∆′ can be similarly defined with ∆′ ≡ σ ◦∆ where the permutation map σ(x⊗ y) =
y ⊗ x for all x, y ∈ Uq(ŝl2) is used.
The (evaluation in the principal gradation) endomorphism πζ : Uq(ŝl2) 7→ End(Vζ) is chosen such that (V ≡ C2)
πζ [e1] = ζσ+ , πζ [e0] = ζσ− ,
πζ [f1] = ζ
−1σ− , πζ [f0] = ζ
−1σ+ ,
πζ [q
h1 ] = qσ3 , πζ [q
h0 ] = q−σ3 ,(B.3)
in terms of the Pauli matrices σ±, σ3:
σ+ =
(
0 1
0 0
)
, σ− =
(
0 0
1 0
)
, σ3 =
(
1 0
0 −1
)
.
The R−matrix here considered is the solution of the intertwining equation:
R(ζ1/ζ2)(πζ1 ⊗ πζ2)∆(x) = (πζ1 ⊗ πζ2) (σ ◦∆(x))R(ζ1/ζ2) .
According to above definitions and up to an overall scalar factor, in the principal picture it reads:
R(ζ) =
1
κ(ζ)


1 0 0 0
0 (1−ζ
2)q
1−q2ζ2
(1−q2)ζ
1−q2ζ2 0
0 (1−q
2)ζ
1−q2ζ2
(1−ζ2)q
1−q2ζ2 0
0 0 0 1

 .(B.4)
where the scalar factor
κ(ζ) = ζ
(q4ζ2; q4)∞(q
2ζ−2; q4)∞
(q4ζ−2; q4)∞(q2ζ2; q4)∞
, (z; p)∞ =
∞∏
n=0
(1− zpn)(B.5)
is chosen to ensure unitarity and crossing symmetry of the R−matrix:
R(ζ)R(ζ−1) = II ⊗ II ,(B.6)
R
ǫ′2ǫ1
ǫ2ǫ′1
(ζ−1) = R
−ǫ′1ǫ
′
2
−ǫ1ǫ2(−q−1ζ) .
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Appendix C. The q−Vertex operators of Uq(ŝl2)
The so-called type I and type II q−vertex operators satisfy the commutation relations:
Φǫ2(ζ2)Φǫ1(ζ1) =
∑
ǫ′
1
,ǫ′
2
R
ǫ′1 ǫ
′
2
ǫ1 ǫ2(ζ1/ζ2)Φǫ′1(ζ1)Φǫ′2(ζ2) ,(C.1)
Ψ∗µ′
1
(ζ1)Ψ
∗
µ′
2
(ζ2) = −
∑
µ1,µ2
R
µ′1 µ
′
2
µ1 µ2(ζ1/ζ2)Ψ
∗
µ2(ζ2)Ψ
∗
µ1(ζ1) ,(C.2)
Φǫ(ζ1)Ψ
∗
µ(ζ2) = τ(ζ1/ζ2)Ψ
∗
µ(ζ2)Φǫ(ζ1) .(C.3)
Here
τ(ζ) = ζ−1
Θq4(qζ
2)
Θq4(qζ−2)
, Θp(z) = (z; p)∞(pz
−1; p)∞(p; p)∞ .
Define Φ∗ǫ (ζ) = Φ−ǫ(−q−1ζ). The type I vertex operators satisfy the invertibility relations
(C.4) g
∑
ǫ
Φ∗ǫ (ζ)Φǫ(ζ) = id , gΦǫ1(ζ)Φ
∗
ǫ2(ζ) = δǫ1ǫ2 id with g =
(
q2; q4
)
∞
(q4; q4)∞
.
Type I and type II q−vertex operators admit a bosonic realization [DFJMN]. For i = 0, 1, consider the bosonic
Fock space
H(i) = C[a−1, a−2, · · · ]⊗
(⊕n∈ZCeΛi+nα)
where the commutation relations of an are given by
[am, an] = δm+n,0
[m][2m]
m
, with m,n 6= 0 and [n] = q
n − q−n
q − q−1 .
Define [∂, α] = 2, [∂,Λ0] = 0 and Λ1 = Λ0 + α/2. The highest weight vector of H(i) is given by |i〉 = 1 ⊗ eΛi and the
operators eβ , z∂ act as
eβ.eγ = eβ+γ , z∂ .eγ = z[∂,γ]eγ .
The bosonic realization for the type I and type II q−vertex operators reads [DFJMN]:
Φ
(1−i,i)
− (ζ) = e
P (ζ2)eQ(ζ
2) ⊗ eα/2(−q3ζ2)(∂+i)/2ζ−i ,(C.5)
Φ
(1−i,i)
+ (ζ) =
∮
C1
dw
2πi
(1− q2)wζ
q(w − q2ζ2)(w − q4ζ2) : Φ
(1−i,i)
− (ζ)X
−(w) : ,
(C.6)
Ψ
∗(1−i,i)
− (ζ) = e
−P (q−1ζ2)e−Q(qζ
2) ⊗ e−α/2(−q3ζ2)(−∂+i)/2ζ1−i ,(C.7)
Ψ
∗(1−i,i)
+ (ζ) =
∮
C2
dw
2πi
q2(1− q2)ζ
(w − q2ζ2)(w − q4ζ2) : Ψ
∗(1−i,i)
− (ζ)X
+(w) : ,(C.8)
where
X±(z) = eR
±(z)eS
±(z) ⊗ e±αz±∂ ,(C.9)
P (z) =
∞∑
n=1
a−n
[2n]
q7n/2zn , Q(z) = −
∞∑
n=1
an
[2n]
q−5n/2z−n ,
R±(z) = ±
∞∑
n=1
a−n
[n]
q∓n/2zn , S±(z) = ∓
∞∑
n=1
an
[n]
q∓n/2z−n .
The integration contours encircle w = 0 in such a way that
C1 : q
4ζ2 is inside and q2ζ2 is outside,
C2 : q
4ζ2 is outside and q2ζ2 is inside.
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